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Abstract—This paper deals with the problem of designing
linear time-varying (LTV) finite-impulse response equalizers for
doubly selective channels. Specifically, we consider the frequencydomain representation of the LTV minimum mean-square error
(MMSE) equalizer, which relies on the complex exponential basis
expansion model of the time-varying channel impulse response
and can be implemented as a parallel bank of linear timeinvariant filters having, as input signals, different frequency-shift
(FRESH) versions of the received data. We show that such a
FRESH formulation allows to derive an effective low-complexity
iterative version of the optimal LTV-MMSE equalizer, based on
the steepest-descent method. Simulation results show that the
proposed iterative equalizer ensures a very satisfactory tradeoff
among complexity burden, convergence speed, and performance.

I. I NTRODUCTION
The design of reliable linear time-varying (LTV) estimation
and detection strategies for wireless communication systems
operating over time- and frequency-selective (so-called doubly
selective) channels has been extensively studied in the literature, see, e.g., [1]–[8]. Such approaches rely on deterministic
basis expansion models (BEMs), which allow one to express
the channel impulse response as a superposition of timevarying basis functions with time-invariant coefficients. For
instance, when the basis functions are complex exponentials
(CEs) [1], the corresponding BEM is referred to as CE-BEM;
an alternative BEM is the discrete prolate spheroidal (DPS)
BEM (referred to as DPS-BEM) [9]. CE-BEM, when the
frequency spacing of CEs is sufficiently small, and DPS-BEM
approximate well [8] the Jakes statistical model.
Relying on the CE-BEM to represent doubly selective
channels, serial and block finite-impulse response (FIR) LTV
equalizers have been developed in [6], which are synthesized
by resorting to both zero-forcing (ZF) and minimum meansquare error (MMSE) criteria. With reference to the same
BEM used in [6], it has been derived in [7] the canonical
frequency-domain representation of the minimal norm serial
FIR-LTV ZF equalizer; the frequency-domain representation
of LTV equalizers has the advantage that, unlike its timedomain counterpart, exhibits many similarities to linear timeinvariant (LTI) filtering, wherein the time-varying component of the equalizer consists of computing frequency-shift
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(FRESH) [10] versions of the received data vector. On the
basis of this FRESH representation, a suboptimal LTV-ZF
equalizer has also been proposed in [7], which outperforms the
serial ZF design of [6] at a lower computational cost (see also
[8]). Recently, the authors in [8] have compared the MMSE
variant of the FIR-FRESH ZF design of [7] with the Kalman
equalizer, which is not a FIR filter. It has been shown in [8] that
the FIR-FRESH MMSE equalizer is able to ensure almost the
same performance of the Kalman filter, by involving, however,
a higher computational burden.
In this paper, we propose an iterative version of the FRESHMMSE equalizer, which relies on the steepest-descent (SD)
method [11]. Specifically, we develop a novel recursive relation that turns out to be a generalization to doubly selective
channels of conventional SD algorithm commonly employed
for iteratively equalizing LTI channels. The proposed iterative
approach allows one to significantly reduce both the design
and implementation complexities of the FRESH-MMSE equalizer, with a slight performance penalty in the high signal-tonoise ratio (SNR) region.
Basic notations: Upper- and lower-case bold letters denote matrices and vectors; the superscripts ∗, T, H, and −1
denote the conjugate, the transpose, the Hermitian (conjugate transpose), and the inverse of a matrix; C, R, and Z
are the fields of complex, real, and integer numbers; Cn
[Rn ] denotes the vector-space of all n-column vectors with
complex [real] coordinates; similarly, Cn×m [Rn×m ] denotes
the vector-space of all the n × m matrices with complex
[real] elements; 0n , On×m , and In denote the n-column zero
vector, the n × m zero matrix, and the n × n identity matrix;
A = diag[A11 , A22 , . . . , Ann ] is the (block) diagonal matrix
wherein {Aii }ni=1 are the block diagonal entries; !a∗ (·)
represents the complex gradient operator with respect to
#
n×m
; E[·] denotes statistical averaging and %a(k)&K =
a∗ ∈ C!
k0 +K−1
(1/K) k=k0
a(k) denotes temporal averaging of the sequence a(k) over the time interval {k0 , k0 +1, . . . , k0 +K −1},
# √
with k0 ∈ Z; and, finally, (·)P , '·(, ⊗, and j = −1 denote
modulo-P operation, integer ceiling, Kronecker product, and
imaginary unit.
II. S YSTEM MODEL AND PRELIMINARIES
Let us consider a wireless high data-rate digital communication system, equipped with one transmitter antenna and

N receiver antennas, employing linear modulation with baudrate 1/Ts and transmitting over a time- and frequency-selective
channel. The complex envelope of the received signal at the
nth antenna, after filtering, ideal carrier-frequency recovering,
and baud-rate sampling, can be expressed as
rn (k) =

Lh
"
!=0

hn (k, !) s(k − !) + vn (k)

(1)

where s(k), with k ∈ Z, is the sequence of the transmitted
symbols, hn (k, !) denotes the composite impulse response
of the Lh -order LTV channel corresponding to the nth receiver antenna, and vn (k) is additive noise at the output
of the receiving filter employed at the nth antenna. The
following customary assumptions will be considered in the
sequel: (a1) the information symbols s(k) are modeled as
a sequence of independent and identically distributed (i.i.d.)
zero-mean complex circular random variables, with variance
#
σs2 = E[|s(k)|2 ]; (a2) the noise samples {vn (k)}N
n=1 are
modeled as mutually independent zero-mean i.i.d. complex
#
circular random sequences, with variance σv2 = E[|vn (k)|2 ],
statistically independent of s(k) for each k ∈ Z. In the sequel,
we assume that σs2 and σv2 are exactly known at the receiver.
To allow for low-complexity detection strategies, we rely
on the CE-BEM [6], whereby hn (k, !) is expressed as
Qh /2

hn (k, !) =

"

hq,n (!) e

j 2π
P qk

q=−Qh /2

for k ∈ K and ! ∈ {0, 1, . . . , Lh } (2)

#

where K = {k0 , k0 + 1, . . . , k0 + K − 1} is the observation
window of finite length K > 1, with k0 ∈ Z, P ≥ K,
#
Qh = 2 'fmax P Ts (, and fmax denotes the Doppler spread of
the channel. When the CE-BEM is oversampled, i.e., P > K,
model (2) and the DPS-BEM ensure a similar level of accuracy
in approximating a Jakes’ channel [8]. Hereinafter, we assume
Qh /2
that, for each antenna, the coefficients {hq,n (!)}q=−Q
are
h /2
perfectly known at the receiver, ∀! ∈ {0, 1, . . . , Lh }, which
can be estimated blindly [1]–[3], [12] or by employing training
sequences [4], [5].
In order to compensate for the deleterious effects induced
by both time- and frequency-selectivity of the transmission
channel, we consider a causal LTV equalizer of order Le > 0,
whose input-output relationship is given by
y(k) = f H (k) z(k)

for k ∈ K

(3)

collects all the equalizer
where the vector f (k) ∈ C
parameters, whereas the input vector is given by (see [7])


r(k)


Qh /2


"
2π
#  r(k − 1) 
) q ej P qk s(k) + w(k)
H
z(k) = 
=
..


.
N (Le +1)

r(k − Le )

q=−Qh /2

(4)

#

=
[r1 (k), r2 (k), . . . , rN (k)]T
∈
CN ,
with r(k)
2π
2π
#
#
−j
q
−j
qL
) q = Jq Hq , Jq = diag[IN , e P IN , . . . , e P e IN ],
H
Hq ∈ CN (Le +1)×(Le +Lh +1) being an upper-triangular
block Toeplitz matrix whose first N rows are
#
=
given by [hq (0), . . . , hq (Lh ), 0N , . . . , 0N ], hq (!)
T
N
[hq,1 (!), hq,2 (!), . . . , hq,N (!)] ∈ C , for ! ∈ {0, 1, . . . , Lh },
#
s(k) = [s(k), s(k−1), . . . , s(k−Le −Lh )]T ∈ CLe +Lh +1 , and
#
w(k) = [vT (k), vT (k − 1), . . . , vT (k − Le )]T ∈ CN (Le +1) ,
#
where v(k) = [v1 (k), v2 (k), . . . , vN (k)]T ∈ CN .
Our aim is to reliably estimate the transmitted symbol
s(k − d), with d ∈ {0, 1, . . . , Le + Lh } denoting a suitable
equalization delay. In the absence of noise, under certain mild
conditions, perfect or ZF symbol recovery can be obtained
by using a LTV-ZF equalizer [7], which however, in the
presence of noise, equalizes the channel at the price of noise
enhancement. To better counteract the noise, we resort here to
the LTV-MMSE equalizer given by
)
fmmse (k) = σs2 R−1
zz (k) hd (k)

for k ∈ K

(5)

which minimizes the output mean-square error objective func#
tion MSE[f (k)] = E[|y(k) − s(k − d)|2 ], ∀k ∈ K, where
#
Rzz (k) = E[z(k) zH (k)] ∈ CN (Le +1)×N (Le +1) denotes the
statistical time-varying correlation matrix of z(k), whereas
) d (k) is the (d + 1)th column of the channel matrix
h
#
)
H(k)
=

Qh /2

"

q=−Qh /2

) q ej 2π
P qk =
H

P
−1
"
p=0

2π

H(p) ej P

pk

(6)

where H(p) is shown at the top of the next page.
As it is apparent from (3) and (5), to obtain an estimate
of the transmitted block of symbols, one has to evaluate the
time-varying matrix Rzz (k) for each value of k ∈ K and, then,
compute the corresponding equalizer weight vector fmmse (k),
by performing K distinct matrix inversions. Therefore, the
time-domain implementation of fmmse (k) may lead to an high
run-time complexity, especially for large values of the block
size K. Motivated by this fact, we report in the next section
the canonical frequency-domain representation of fmmse (k) [7],
[8], which allows us to derive an effective iterative lowcomplexity implementation of the LTV-MMSE equalizer.
III. F REQUENCY- DOMAIN REPRESENTATION OF THE
LTV-MMSE EQUALIZER
Let us derive the frequency-domain representation of the
LTV-MMSE equalizer (5). To do this, accounting for (6) and
following [7], we observe that the correlation matrix Rzz (k)
admits the discrete Fourier series (DFS) expansion1
Rzz (k) =

P
−1
"
p=0

2π

j P
R(p)
zz e

pk

for k ∈ Z

(8)

1 Although (5) is valid only for k ∈ K, without loss of generality, it is mathematically convenient, for obtaining the frequency-domain representations of
fmmse (k), to regard (5) as defined for all values of k ∈ Z; obviously, in this
case, only the values fmmse (k0 ), fmmse (k0 + 1), . . . , fmmse (k0 + K − 1) of
the obtained fmmse (k) will be used for producing the equalizer output.

H

(p)


)

Hp
#
= ON (Le +1)×(Lh +Le +1)

)
Hp−P

for p ∈ {0, 1, . . . , Qh /2} ;
for p ∈ {Qh /2 + 1, Qh /2 + 2, . . . , P − Qh /2 − 1} ;
for p ∈ {P − Qh /2, P − Qh /2 + 1, . . . , P − 1} .

P −1
where its Fourier coefficients {R(p)
zz }p=0 are referred to as
)
the cyclic correlation matrices [10] of z(k). Since H(k)
and
Rzz (k) are periodic with period P , the optimal vector (5),
when k ∈ Z, is again periodic with period P and, thus, it can
be expressed by means of its DFS expansion

fmmse (k) =

P
−1
"

(p)
fmmse
ej

2π
P pk

p=0

for k ∈ Z

(9)

(p)

−1
where {fmmse }P
represent the Fourier coefficients of
p=0
fmmse (k). Let
#

(0) T
(1) T
(P −1) T T
) , (fmmse
) , . . . , (fmmse
) ] ∈ CN P (Le +1)
ψ mmse = [(fmmse
(10)
collect all the Fourier coefficients of fmmse (k), by substituting
(8) and (9) in (5), it can be shown after straightforward
algebraic manipulations (see also [7]) that

ψ mmse = σs2 Φ−1
zz Θ ed

(11)

d

# . /0 1
where ed = [0, . . . , 0, 1, 0, . . . , 0]T ∈ RLe +Lh +1 ,


−1)
R(0)
R(P
. . . R(2)
R(1)
zz
zz
zz
zz
(1)


R(0)
. . . R(3)
R(2)
zz
zz
zz 
#  Rzz
Φzz = 
..
..
..
..
.. 

.
.
.
.
. 
−1)
R(P
zz

−2)
R(P
zz

. . . R(1)
zz

(12)

R(0)
zz

is a N P (Le + 1) × N P (Le + 1) block circulant ma#
trix and Θ = [(H(0) )T , (H(1) )T , . . . , (H(P −1) )T ]T ∈
CN P (Le +1)×(Le +Lh +1) . Eq. (11) is the equivalent frequencydomain representation of the LTV-MMSE equalizer (5). Relying on this alternative representation, and accounting for (3),
(9) and (11), the output ymmse (k) of the LTV-MMSE equalizer
fmmse (k) assumes the form
2P −1
3H
"
H
(p)
j 2π
pk
ymmse (k) = fmmse (k) z(k) =
fmmse e P
z(k)
p=0

z(k) for k ∈ K
= ψH
mmse )

(13)

#

where )
z(k) = ζ(k) ⊗ z(k) ∈ CN P (Le +1) is given by
with

Hcirc



)
)
z(k) = Hcirc )
s(k) + w(k)

(0)

H
(1)

#  H
=
..

.
H(P −1)

(P −1)

H
H(0)
..
.

H(P −2)

(2)

... H
. . . H(3)
..
..
.
.
. . . H(1)

(1) 

H
H(2) 

.. 
. 
H(0)

(7)

being a N P (Le + 1) × P (Le + Lh + 1) block circulant matrix,
#

2π

2π

ζ(k) = [1, e−j P k , . . . , e−j P
#

(P −1)k T

] ∈ CP

(16)

P (Le +Lh +1)

(17)

)
w(k)
= ζ(k) ⊗ w(k) ∈ CN P (Le +1) .

(18)

)
s(k) = ζ(k) ⊗ s(k) ∈ C
#

Eq. (13) describes the FRESH representation [10] of fmmse (k),
for which the LTV-MMSE equalizer is represented in the
frequency-domain as a parallel bank of LTI equalizers, each
of one driven by a different frequency-shifted version of z(k),
and the output ymmse (k) is formed by summing the outputs of
the equalizers.
IV. I TERATIVE LTV-MMSE EQUALIZATION
When batch algorithms are used to compute ψ mmse in
(11), the design complexity of the LTV-MMSE equalizer
is dominated by the matrix inversion Φ−1
zz , which requires
O[N 3 P 3 (Le + 1)3 ] floating point operations (flops); such a
complexity may be unsustainable for large values of P .
At this point, our aim is to synthesize ψ mmse with a more
manageable computational complexity. To do this, we first
observe that, in light of (7), the cyclic correlation matrices
exhibit the structure reported at the top of the next page, which
shows that one has to evaluate only Qh + 1 of the P cyclic
P −1
correlation matrices {R(q)
zz }q=0 . In its turn, this implies that
Φzz given by (12) exhibits a large sparse structure, which
makes iterative methods especially attractive for computing
ψ mmse . Although several sophisticated approaches can be used
to iteratively estimate ψ mmse , we resort here to the SD method
[11] since it leads to simple adaptation rules.
Before proceeding further, two key observations are in
order regarding the frequency-domain representation of the
LTV-MMSE equalizer. First, accounting for (14) and (19),
it is readily verified that (12) coincides with the timeaveraged statistical correlation matrix of )
z(k), that is, Φzz =
%E[)
z(k) )
zH (k)]&K . Second, it is seen that ψ mmse in (11) can
also be regarded as the solution of a different optimization
criterion, i.e., the minimization of the time-averaged meansquare error
#

(14)

z(k) − s(k − d)|2 ]&K
TAMSE(ψ) = %E[|ψ H )

= ψ H Φzz ψ − σs2 ψ H Θ ed − σs2 eTd ψ H Θ ed + σs2

(20)

whose minimum value
#

(15)

TAMSEmin = TAMSE(ψ mmse )
4
5
= σs2 1 − σs2 eTd ΘH Φ−1
zz Θ ed .

coincides with %MSE[fmmse (k)]&K .

(21)

R(q)
zz


P
−1
"


2


σ
H(p) [H(p) ]H + σv2 IN (Le +1)
s




p=0


P
−1

"

 2
σs
H(p) [H(p−q)P ]H
=
 p=0



ON (Le +1)×N (Le +1)







[R(P −q) ]H
zz

for q = 0 ;
for q ∈ {1, 2, . . . , Qh } ;
for q ∈ {Qh + 1, Qh + 2, . . . , P − Qh − 1} ;
for q ∈ {P − Qh , P − Qh + 1, . . . , P − 1} .

At this point, we are in the position of developing the SD
recursive rule of ψ mmse . To this end, let f (p) (k) denote an
estimate at iteration k of the pth optimal Fourier coefficient
(p)
fmmse in (10), for p ∈ {0, 1, . . . , P − 1}, the vector
ψ(k) = [{f

(0)

T

(k)} , {f

(1)

T

(k)} , . . . , {f

(P −1)

T T

(k)} ]

ï4
ï5
ï6
ï7
ï8

(22)

ï9

TAMSE [dB]

#

is an estimate at iteration k of ψ mmse given by (11). According
to the method of SD [11], the updated value of ψ mmse at
iteration k + 1 is computed by using the iterative relation
ψ(k + 1) = ψ(k) − µ !ψ∗ (k) {TAMSE[ψ(k)]}
6
7
= ψ(k) + µ σs2 Θ ed − Φzz ψ(k)

where

for k ∈ K

8
9
(p)
fs(p) (k) = f (p) (k) + µ σs2 H(p) ed − R(0)
(k)
zz f
Qh
"

m = −Qh
m #= 0

P
R(m)
f (p−m)P (k) ,
zz

ï11
ï12
ï13

FRESHïSDïsubopt
FRESHïSD

ï15

(23)

FRESHïbatch
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ï19
ï20
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weight vector is represented with a series expansion by using
only a small number of Fourier coefficients. More precisely,
we can consider the following suboptimal equalizer
Qe /2

(26)

is referred to as the cyclic component. It is worthwhile to
note that the stationary component depends only on the value
f (p) (k) of the pth Fourier coefficient at time k; in contrast, the
cyclic component at time k depends on the 2 Qh Fourier coefficients f (p−m)P (k), for m ∈ {−Qh , −Qh +1, . . . , Qh }−{0}.
It is worth noting that, for a time-invariant channel (i.e., Qh =
(p)
0), it results that fc (k) = 0 and, thus, the recursive relation
(24) boils down to the conventional SD algorithm commonly
employed for iteratively equalizing LTI channels. Strictly
speaking, the cyclic component (26) represents the correction
that must be applied to the conventional SD algorithm in order
to account for the LTV nature of the channel. It is apparent
that use of (24)-(26) to estimate the Fourier coefficients in the
DFS of fmmse (k) leads to a significant reduction of the design
complexity of the LTV-MMSE equalizer.
With reference to the implementation complexity, we observe that a significant saving can be obtained if the equalizer

10

k (in symbols)

(24)

is referred to as the the stationary component, whereas
fc(p) (k) = µ

ï10

ï14

where µ > 0 is the step-size parameter. By exploiting the
sparse and block circulant nature of Φzz , it follows from (23)
(p)
that the updated value f (p) (k + 1) of the estimate of fmmse at
iteration k + 1 is computed by resorting to the recursive rule
f (p) (k + 1) = fs(p) (k) − fc(p) (k)

(19)

:
fmmse (k) =

with

(p) #
:
fmmse
=

;

(p)

fmmse
(P +p)
fmmse

"

p=−Qe /2

2π
(p)
:
ej P pk
fmmse

for k ∈ Z

for p ∈ {0, 1, . . . , Qe /2} ;
for p ∈ {−1, −2, . . . , −Qe /2} ;

(27)

(28)

where only2 Qh + 1 < Qe + 1 < P Fourier coefficients
are employed. Consequently, the FRESH implementation of
:
fmmse (k) is only composed by Qe + 1 LTI equalizers, whose
outputs are summed obtaining thus the overall output
H
: H z(k)
y:mmse (k) = :
fmmse
(k) z(k) = ψ
mmse

for k ∈ K

(29)

where

# : (0) T : (1) T
(P −Qe /2) T
:
: (Qe /2) )T , (:
ψ
fmmse
) ,
mmse = [(fmmse ) , (fmmse ) , . . . , (fmmse
(P −1) T T
N (Le +1)(Qe +1)
:
. . . , (f
) ] ∈C
(30)
mmse

2 It

is assumed in the sequel that Qe is an even integer number.

and

0

z(k) = ξ(k) ⊗ z(k) ∈ C
#

ξ(k) = [1, e−j

2π
P k

2π

. . . , e−j P

N (Le +1)(Qe +1)

, . . . , e−j

2π
P (Qe /2)k

, e−j

(P −1)k T

] ∈ CQe +1 .

FRESHïSDïsubopt
FRESHïSD
FRESHïbatch

(31)
2π
P (P −Qe /2)k

ï5

,
(32)

Using the suboptimal LTV equalizer given by (27)-(28), where
the relevant Fourier coefficients are calculated through (24)(26) one can obtain a channel equalization procedure with a
manageable design and implementation complexity.

ï10

TAMSE [dB]

#

ï15

ï20

V. S IMULATION RESULTS
In this section, the TAMSE performance of the proposed
iterative FRESH-SD version of the LTV-MMSE equalizer
(referred to as FRESH-SD), whose P Fourier coefficients in
the DFS expansion of fmmse (k) [see (9)] are calculated through
(24)-(26), is investigated by means of Monte Carlo computer
simulations, and compared with the TAMSE performance of
its batch counterpart given by (11) (referred to as FRESHbatch), as well as with that of the suboptimal FRESH-SD
equalizer (referred to as FRESH-SD-subopt) with input-otput
relationship given by (29), whose Qe + 1 Fourier coefficients
in the DFS expansion (27) are calculated through (24)-(26),
by setting Qe = 40.
The transmitted symbols s(k) are drawn from a QPSK
constellation, and the composite channels {hn (k, !)}N
n=1 are
3rd-order (i.e., Lh = 3) random LTV systems, generated as in
[7], with symbol period Ts = 160 µs and maximum Doppler
spread fmax = 100 Hz. The block size is equal to K = 100
and P = 2 K, which leads to Qh = 2 'fmax P Ts ( = 8. The
number of receiver antennas is set to N = 2, whereas the
order of all the considered equalizers is equal to Le = 6 and
the equalization delay d is chosen as the integer value nearest
to (Lh + Le )/2. The SNR is defined as in [7]. With reference
to the SD-based algorithms, we set f (p) (k0 − 1) = 0N (Le +1)
and µ = 1.9/λmax (Φzz ), where λmax (Φzz ) is the largest
eigenvalue of Φzz . All the results are obtained by carrying
out 103 independent trials, with each run using a different set
of channel parameters.
Fig. 1 depicts the learning curves of the “FRESH-SD” and
“FRESH-SD-subopt” equalizers versus the number of iterations, with SNR = 20 dB. It is seen that the performances of
both the SD-based equalizers quickly improve as the number
of iterations grows, by closely approaching the TAMSE value
of the “FRESH-batch” equalizer. Remarkably, the learning
curve of the “FRESH-SD-subopt” equalizer, which involves
only Qe + 1 = 41 Fourier coefficients, strictly follows
that of its “FRESH-SD” counterpart, which instead employs
all the P = 2 K = 200 Fourier coefficients in the DFS
expansion of fmmse (k) and, thus, exhibits much greater design
and implementation complexities.
In Fig. 2, we evaluate the TAMSE performances of the
considered equalizers as a function of SNR. From this figure,
we can observe that, for SNR ≤ 20 dB, the proposed
SD-based equalizers perform very close to their “FRESHbatch” counterpart. Even though the performance penalty of

ï25

ï30

0

5

10

15

20

25

30

SNR [dB]

Figure 2.

TAMSE versus SNR.

the “FRESH-SD” and “FRESH-SD-subopt” equalizers with
respect to the “FRESH-batch” one becomes more pronounced
for larger values of the SNR, it is noteworthy that such iterative
equalizers are able of achieving a TAMSE value of about −20
dB for SNR = 30 dB.
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