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Abstract—This paper deals with the problem of jointly designing optimum widely-linear (WL) precoders and decoders for
multiple-input multiple-output (MIMO) channels, by adopting
as a specific design target the minimization of the symbol mean
square error and assuming that channel state information is
available at both the transmitter and receiver sides. In the
proposed scheme, vectors of symbols are precoded through a
WL mapping, which jointly operates on the symbol block and its
complex-conjugate version; additionally, a WL receiver processes
both the received signal and its complex-conjugate counterpart.
By using a complex-valued representation of the relevant vectors
involved in the design of the WL-MIMO transceiver, we show
how the optimization framework originally developed for linear
precoding/decoding MIMO structures can be extended to the case
where the transmitted symbols and/or the disturbance exhibit
improper or noncircularity features.

I. I NTRODUCTION
Multiple-input multiple-output (MIMO) communication
systems with channel state information (CSI) at both sides of
the link can achieve information rate and/or diversity gains [1].
To derive such benefits, a powerful approach consists of using
linear MIMO transceivers, encompassing linear precoding at
the transmitter and linear decoding at the receiver [2]–[6].
The design of linear MIMO transceivers has been typically
carried out by using complex-valued vector models, under the
assumption that the transmitted symbols and the disturbance
are proper [7] or circular [8]. However, when the random
vectors involved in system design are improper or noncircular
[9], [10], complex linear processing is suboptimal and it is
necessary to consider either augmented real linear filtering,
where each n-dimensional complex vector is represented by
an augmented 2n-dimensional real block by stacking its real
and imaginary parts, or widely-linear (WL) complex processing [11]–[14], where each n-dimensional complex vector is
augmented to a 2n-dimensional complex block by stacking
the vector itself and its complex-conjugate version.
The augmented real linear filtering approach has been
adopted in [15] to design MIMO baseband transceivers, under
the minimum-mean-square-error (MMSE) criterion, when the
transmitted symbols and/or the disturbance exhibit improper
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or noncircularity features; the obtained strictures exhibit considerable gains over the corresponding complex linear precoding/decoding structures. However, in general, the use of
a complex-valued notation to design and analyse a baseband
communication system is always preferred, since it models the
system in a simpler and more compact way, and, moreover, it
allows to provide deeper insight into the obtained solutions.
Recently, WL complex techniques have been employed in [16]
to jointly design beamforming and combining vectors when
improper symbols are transmitted through a MIMO channel
corrupted by improper disturbance.
In this paper, by resorting to the MMSE criterion, we
use the complex notation framework to optimize WL-MIMO
baseband transceivers, which are composed of a WL precoder
at the transmitter and a WL decoder at the receiver. The
results developed herein generalize and subsume as a particular
case the corresponding complex linear MMSE precoding and
decoding solutions. The proposed complex-valued framework
could be a useful tool to gain further insights into the performance comparison between WL precoding/decoding MIMO
techniques and their corresponding linear counterparts.
II. C ENTROHERMITIAN 2- BY-2 BLOCKWISE MATRICES
By extending some results derived in [18], we report basic
properties of a 2-by-2 block matrix having the form1


A11 A12
Ã =
∈ C2n×2m
(1)
A∗12 A∗11
where A11 , A12 ∈ Cn×m . First, we give some definitions.
The matrix Pn ∈ R2n×2n defined as


On×n
In
Pn ,
(2)
In
On×n
1 The fields of complex and real numbers are denoted with C and R,
respectively; matrices [vectors] are denoted with upper [lower] case boldface
letters (e.g., A or a); the field of m × n complex [real] matrices is denoted
as Cm×n [Rm×n ], with Cm [Rm ] used as a shorthand for Cm×1 [Rm×1 ];
the superscripts ∗, T, H, and −1 denote the conjugate, the transpose, the
conjugate transpose, and the inverse of a matrix, respectively; <{a} and ={a}
are the real and imaginary part of a ∈ C, respectively; for any A ∈ Rm×n
with (i, `) entry ai` , the (i, `) element of A+ is (ai` )+ , max(ai` , 0);
rank(A), det(A), and tr(A) denote the rank, the determinant, and the
trace of A ∈ Cn×n ; for any a ∈ Cn , kak denotes the Euclidean norm;
Om×n ∈ Rm×n and Im ∈ Rm×m denote the null and the identity matrices,
respectively; 5A∗ (·) represents the complex gradient operator with respect
√ to
A∗ ∈ Cn×m ; Jn , [In , On×n ] ∈ Rn×2n is a selection matrix; j , −1
is the imaginary unit and the operator E[ · ] denotes ensemble averaging.
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Block diagram of a MIMO communication system with WL precoding and decoding.

= (Pn Ã Pn )−1 = Pn (Ã

−1 ∗

) Pn

(3)

−1

i.e., Ã ∈ CH2n×2n . It is verified that, if Ã ∈ CH2n×2m
and B̃ ∈ CH2m×2p , then Ã B̃ ∈ CH2n×2p .
Centrohermitian 2-by-2 blockwise matrices can be mapped
to matrices with real entries. Indeed, let us define the matrix


1 In j In
∈ C2n×2n
(4)
Qn = √
2 In −j In
which is unitary (i.e., Qn QH
n = I2n ) and its columns are
conjugate symmetric (i.e., Pn Q∗n = Qn ). The mapping


<{A11 + A∗12 } −={A11 + A∗12 }
H
Ã → Qn Ã Qm =
={A11 − A∗12 } <{A11 − A∗12 }
(5)
is bijective: it maps the subset CH2n×2m onto the set of all
the real 2-by-2 block matrices of the same size.
The mapping (5) between centrohermitian and real matrices
allows to derive a useful property of the EVD of Ã given by
(1) when it is square and Hermitian, i.e., n = m, AH
11 = A11 ,
T
and A12 = AT12 . Let QH
Ã
Q
=
W
Σ̃
W
be
the
EVD of
n
n
2n×2n
the real matrix QH
Ã
Q
,
where
W
∈
R
is
orthogonal
n
n
(i.e., W WT = I2n ) and Σ̃ ∈ R2n×2n is diagonal.2 Since Qn
is unitary, it follows that an EVD of Ã can be expressed as3
Ã = (Qn W) Σ̃ (WT QH
n ) = W̃ Σ̃W̃
2 The

G2

ytil

is a permutation matrix (i.e., P2n = I2n and PTn = Pn ). A
vector ã ∈ C2n is conjugate symmetric if ã = Pn ã∗ . It is
clear that, if ã is conjugate symmetric, then ã = [aT , aH ]T ,
with a ∈ Cn . The block matrix Ã in (1) exhibits the property
∗
∗
Ã = Pn Ã Pm or, equivalently, Ã Pm = Pn Ã and, thus,
we say that Ã is a centrohermitian 2-by-2 blockwise matrix.
The subset of all 2n × 2m centrohermitian 2-by-2 blockwise
matrices is denoted by CH2n×2m ⊂ C2n×2m .
Let Ã in (1) be square (i.e., n = m). The nonsingularity
of A11 is a necessary (but not sufficient) condition for the
positive definiteness of Ã. Indeed, if A11 is nonsingular,
the Schur complement of A11 in Ã is denoted and defined
by A11 /Ã , A∗11 − A∗12 A−1
11 A12 , and it results [17] that
det(Ã) = det(A11 ) det(A11 /Ã). Thus, the matrix Ã is
nonsingular if and only if (iff) both A11 and A11 /Ã are
nonsingular, i.e., det(A11 ) > 0 and det(A11 /Ã) > 0. In
this case, by observing that P−1
n = Pn , one has
Ã

rtcj

H

(6)

eigenvalues and eigenvectors of a (real) symmetric matrix are real.
3 The EVD of a complex matrix is unique up to a unitary diagonal scaling
matrix [17], provided that all the eigenvalues are distinct.

where it results that the matrix W̃ , Qn W ∈ C2n×2n is
unitary (i.e., Qn W WT QH
n = I2n ) and its columns are conjugate symmetric [i.e., Pn (Qn W)∗ = Pn Q∗n W = Qn W].
The subset of all 2n × k matrices having conjugate symmetric
columns is denoted as CS2n×k ⊂ C2n×k , with CS2n ⊂ C2n
used as a shorthand for CS2n×1 .
III. MIMO MODEL WITH WL PRECODING AND DECODING
The baseband-equivalent signal model describing transmission through a MIMO communication channel with NT
transmit and NR receive antennas is given [1] by
y = Hx + n

(7)

NR

where y ∈ C
is the vector gathering the samples of
the received signal, x ∈ CNT represents the transmitted
precoded block, the channel matrix H ∈ CNR ×NT collects the
coefficients of the underlying channels, which are assumed
to be frequency-flat and constant during the transmission of
the block x, and n ∈ CNR denotes the zero-mean disturbance (i.e., interference plus noise) vector, with correlation
matrix Rnn , E[n nH ] ∈ CNR ×NR and (symmetric) conjugate correlation matrix Rnn∗ , E[n nT ] ∈ CNR ×NR . The
disturbance vector is proper iff Rnn∗ = ONR ×NR , otherwise it is improper [7]. In what follows, we assume that:
a1) Rnn is positive definite (p.d.), i.e., det(Rnn ) > 0. If
the channels are frequency selective, orthogonal frequencydivision multiplexing techniques can be used to transform a
frequency-selective MIMO channel into parallel frequencynon-selective MIMO channels, without loss of optimality [6].
Moreover, the forthcoming design is valid for any MIMO
system and can be applied to other communication channels
such as, e.g., frequency-selective channels employing transmit
and receive filterbanks [2], [3], [5]; in this scenario, only the
dimensionality of the vector/matrix variables in (7) and the
structure of H will change.
In conventional precoding schemes [2]–[6], the transmitted
vector x is a linear transformation of a zero-mean data vector
s ∈ CNS , which contains the NS symbols to be transmitted,
with NS ≤ R , rank(H) ≤ min(NT , NR ).4 We propose to
use a more general precoding rule (see Fig. 1), whereby the
transmitted vector x is a WL transformation of s:
x = F1 s + F2 s∗

(8)

4 For linear precoding/decoding schemes, such a condition ensures perfect
symbol recovery at the receiver in the absence of noise.

i.e., x jointly depends on s and its conjugate version s∗ , where
F1 ∈ CNT ×NS and F2 ∈ CNT ×NS are precoding matrices. The
maximum number of symbols per block will be implicitly
optimized along with the explicit optimization of the WL
transceiver. The average power per transmission is given by

H
E[kxk2 ] = tr(F1 Rss FH
1 ) + 2 < tr(F1 Rss∗ F2 )
+ tr(F2 R∗ss FH
2 ) (9)
where Rss , E[s sH ] ∈ CNS ×NS is the correlation matrix
of s and Rss∗ , E[s sT ] ∈ CNS ×NS denotes its (symmetric)
conjugate correlation matrix. The symbol vector is proper iff
Rss∗ = ONS ×NS , otherwise it is improper [7]. Hereinafter,
we assume that: a2) Rss is p.d., i.e., det(Rss ) > 0. Since the
transmitter uses as a precoder a WL mapping of s, defined
by (8), it is quite natural to assume that the receiver performs
an appropriate inverse WL mapping on the received vector y
(see Fig. 1), thus yielding a WL estimate [11] z ∈ CNS of s,
which can be expressed as
∗

z = G1 y + G2 y = G ỹ
NS ×NR

(10)

NS ×NR

where G1 ∈ C
and G2 ∈ C
are decoding matrices, G , [G1 , G2 ] ∈ CNS ×2NR , and ỹ , [yT , yH ]T ∈ CS2NR .
Taking into account (7), the augmented complex vector is
∗ ∗

ỹ = H̃ F s + H̃ PNT F s + ñ

(11)

where

H̃ ,

H

ONR ×NT


ONR ×NT
∈ CH2NR ×2NT
H∗

(12)

T
∈ C2NT ×NS , and ñ , [nT , nH ]T ∈ CS2NR .
F , [FT1 , FH
2 ]
The correlation matrix of ñ can be expressed as


Rnn Rnn∗
H
Rññ , E[ñ ñ ] =
∈ CH2NR ×2NR . (13)
R∗nn∗ R∗nn

It is noteworthy that, by setting F2 = ONT ×NS in (8) and
G2 = ONS ×NR in (10), one obtains the conventional complex
linear precoding/decoding scheme [2]–[6].
IV. D ESIGN OF WL TRANSCEIVER
A reasonable criterion to design the WL precoder F and
the WL decoder G, for a given H, consists of minimizing the
mean square error (MSE),5 which is given by
MSE(F, G) , E[kz − sk2 ] = tr[E(F, G)]
H

(14)

NS ×NS

where E(F, G) , E[(z − s) (z − s) ] ∈ C
is the MSE
matrix. As is always the case in practice, there is a power
constraint on the precoding process, that is, E[kxk2 ] ≤ Pt ,
where Pt > 0 is an application-specified bound on the
transmitting power. Therefore, our goal is to design F (satisfying the aforementioned power constraint) and G such that
MSE(F, G) is minimized. In other words, we aim to solve the
following constrained optimization problem
min MSE(F, G) subject to E[kxk2 ] ≤ Pt
F,G

(15)

5 The proposed WL transceiver design can be generalized to the case of the
weighted MMSE criterion [4] with minor modifications.

where E[kxk2 ] is given by (9). The following theorem (whose
proof is omitted) simplifies the search for the solution of (15).
Theorem 1: Let


F1 F2
2NT ×2NS
F̃ , [F, PNT F∗ ] =
(16)
∗
∗ ∈ CH
F2 F1


G1 G2
G̃ , [GT , PNR GH ]T =
∈ CH2NS ×2NR (17)
G∗2 G∗1
and denote with
Rs̃s̃



Rss
, E[s̃ s̃ ] =
R∗ss∗
H


Rss∗
∈ CH2NS ×2NS
R∗ss

(18)

the correlation matrix of s̃ , [sT , sH ]T ∈ CS2NS . The
matrices Fopt and Gopt are solutions of the original problem
(15) iff the matrices F̃opt , [Fopt , PNT F∗opt ] and G̃opt ,
T
[GTopt , PNR GH
opt ] are solutions of the following constrained
minimization problem
˜ F̃, G̃) subject to P(F̃) ≤ 2 Pt
min MSE(

(19)

F̃,G̃

with
˜ F̃, G̃) , E[kz̃ − s̃k2 ] = tr[Ẽ(F̃, G̃)]
MSE(
H

P(F̃) , tr(F̃ Rs̃s̃ F̃ )

(20)
(21)

where Ẽ(F̃, G̃) , E[(z̃ − s̃) (z̃ − s̃)H ] ∈ CH2NS ×2NS is the
augmented MSE matrix and z̃ , [zT , zH ]T ∈ CS2NS .
Theorem 1 allows one to recast the original optimization
problem (15) in the equivalent one (19), which can be solved
by generalizing the mathematical framework used in [2], [4]
and paying attention to the fact that Rs̃s̃ might be singular.
If the symbol vector is proper (i.e., Rss∗ = ONS ×NS ), which
necessarily requires that the symbols are complex-valued, e.g.,
they are drawn from a PSK or QAM constellation, then Rs̃s̃ in
(18) becomes block diagonal and, by virtue of assumption a2),
it is nonsingular [i.e., rank(Rs̃s̃ ) = rank(Rss ) + rank(R∗ss ) =
2NS ]. On the other hand, if improper modulation formats
are used, such as ASK, differential BPSK (DBPSK), offset
QPSK (OQPSK), offset QAM (OQAM), MSK and its variant
Gaussian MSK (GMSK), it results [10], [12] that there is
a linear deterministic relationship between s∗ and s, given
by s∗ = T s, where T ∈ CNS ×NS is a diagonal unitary
matrix (i.e., T TH = INS ).6 In this case, it is easily seen
that Rss∗ = Rss T∗ and, hence, Rs̃s̃ is singular with
rank(Rs̃s̃ ) = rank(Rss ) = NS , since Rss /Rs̃s̃ = R∗ss (INS −
T T∗ ) = ONS ×NS . Thus, we assume that Rs̃s̃ is positive
semidefinite (p.s.d.), which is equivalent to impose, in addition
to det(Rss ) > 0 [assumption a2)], that: a3) Rss /Rs̃s̃ is p.s.d.,
i.e., det(Rss /Rs̃s̃ ) ≥ 0. According to assumption a3), the
eigenvalue decomposition (EVD) of Rs̃s̃ can be written as
˜ ŨH
Rs̃s̃ = Ũ ∆

(22)

˜ , diag[∆
˜ up , O
where ∆
,
(2NS −L̃)×(2NS −L̃) ] ∈ R
L̃×L̃
˜
with ∆up , diag(δ̃1 , δ̃2 , . . . , δ̃L̃ ) ∈ R
gathering all the
2NS ×2NS

6 In

the case of real-valued symbols, it results that T = INS .

nonzero eigenvalues of Rs̃s̃ and NS ≤ L̃ , rank(Rs̃s̃ ) ≤
2 NS , whereas Ũ = [Ũleft , Ũright ] ∈ CS2NS ×2NS collects the eigenvectors of Rs̃s̃ , with Ũleft ∈ CS2NS ×L̃ ,
H
Ũright ∈ CS2NS ×(2NS −L̃) , and Ũ Ũ = I2NS . Since Rs̃s̃ ∈
CH2NS ×2NS , its eigenvectors have been assumed to be conju∗
gate symmetric (i.e., PNS Ũ = Ũ).
Regarding the matrix Rññ , we instead assume that it
is p.d., which is equivalent to impose, in addition to
det(Rnn ) > 0 [assumption a1)], that: a4) Rnn /Rññ is p.d.,
i.e., det(Rnn /Rññ ) > 0. This assumption is justified by the
fact that, in many cases of interest, an improper interference
signal corrupts the MIMO transmission, in addition to proper
thermal noise w, i.e.,
n = w + HI 

(23)
NR ×NI

NI

where  ∈ C is independent of w and HI ∈ C
collects the channel coefficients between the interference
source and the receiver: in this case, the correlation matrix
of the disturbance is Rnn = Rww + HI R HH
I , where
Rww , E[w wH ] ∈ CNR ×NR is the correlation matrix of
thermal noise and R , E[ H ] ∈ CNI ×NI is the correlation
matrix of the interference, which are typically p.d., whereas its
conjugate correlation matrix is Rnn∗ = HI R∗ HTI . Hence,
the matrix Rnn /Rññ is typically nonsingular even when there
is a linear deterministic relationship between ∗ and .
Under the customary assumption that: a5) E[s nT ] =
E[s nH ] = ONS ×NR , we observe that
H

H

Ẽ(F̃, G̃) = G̃ Rỹỹ G̃ − G̃ Rỹs̃ − RH
ỹs̃ G̃ + Rs̃s̃

(24)

where Rỹỹ , E[ỹ ỹH ] ∈ CH2NR ×2NR is the correlation matrix
H
H
of ỹ given by Rỹỹ = H̃ F̃ Rs̃s̃ F̃ H̃ +Rññ , whereas Rỹs̃ ,
E[ỹ s̃H ] ∈ CH2NR ×NS is the cross-correlation matrix between
ỹ and s̃, which is given by Rỹs̃ = H̃ F̃ Rs̃s̃ . The design
problem (19) can be solved by resorting to the method of
Lagrange duality. In this respect, let
˜ F̃, G̃) + µ [P(F̃) − 2 Pt ]
L(F̃, G̃, µ) , MSE(

(25)

be the Lagrangian, where µ denotes the Lagrange multiplier,
the potential solutions of (19) are the stationary points of
L(F̃, G̃, µ), that is, they satisfy the matrix equations
h
i
5G̃∗ L(F̃, G̃, µ) = G̃ Rỹỹ − RH
(26)
ỹs̃ = O2NS ×2NR
h
i
H H
H H
5F̃∗ L(F̃, G̃, µ) = H̃ G̃ G̃ H̃ F̃ Rs̃s̃ − H̃ G̃ Rs̃s̃
+ µ F̃ Rs̃s̃ = O2NT ×2NS

(27)

with µ ≥ 0 and µ [P(F̃) − 2 Pt ] = 0. It comes from (26) that
the matrix G̃ minimizing MSE(F̃, G̃), given H and F̃, can
be explicated as
H

H

−1
−1
−1
G̃ = RH
ỹs̃ Rỹỹ = Rs̃s̃ (I2NS + F̃ H̃ Rññ H̃ F̃ Rs̃s̃ )
H

H

× F̃ H̃ R−1
ññ

(28)

where we have also applied the matrix inversion lemma [17].
At this point, we deal with the difficult part of the transceiver

design, which is the derivation of the optimum precoding F̃.
To simplify (26) and (27), one can resort to the following EVD
H

−1
H̃ Rññ
H̃ = Ṽ Λ̃ Ṽ

H

(29)
2NT ×2NT

where Λ̃ , diag[Λ̃up , O(2NT −R̃)×(2NT −R̃) ] ∈ R
,
R̃×R̃
with Λ̃up , diag(λ̃1 , λ̃2 , . . . , λ̃R̃ ) ∈ R
gathering
H
−1
all the nonzero eigenvalues of H̃ Rññ H̃ and R̃ ,
H
rank(H̃ R−1
ññ H̃) = rank(H̃) ≤ min(2 NR , 2 NT ), whereas
Ṽ = [Ṽleft , Ṽright ] ∈ CS2NT ×2NT collects the eigenvectors of
H
2NT ×R̃
H̃ R−1
, Ṽright ∈ CS2NT ×(2NT −R̃) ,
ññ H̃, with Ṽleft ∈ CS
H
H
−1
and Ṽ Ṽ = I2NT . Since H̃ Rññ
H̃ ∈ CH2NT ×2NT , its
eigenvectors have been assumed to be conjugate symmetric
∗
(PNT Ṽ = Ṽ). By using the orthogonal decomposition
theorem [17] and noticing that Ũ is nonsingular, the matrix F̃
can be equivalently decomposed as
H

F̃ = Ṽleft Φ̃left Ũ + Ṽright Φ̃right Ũ

H

(30)

where Φ̃left ∈ RR̃×2NS and Φ̃right ∈ R(2NT −R̃)×2NS are
matrices to be determined. By substituting (30) in (28), it can
be verified that, without any loss of generality, the optimum
matrix G̃ can be assumed to have the structure
−1

H

H

G̃ = Ũ Ψ̃ Λ̃up Ṽleft H̃ R−1
ññ

(31)

where Ψ̃ ∈ R2NS ×R̃ is a matrix to be determined. It is
interesting to observe that, differently from the linear case,
the matrices Φ̃left , Φ̃right , and Ψ̃ must be necessarily real to
ensure the centrohermitian 2-by-2 blockwise structure of F̃
∗
∗
and G̃ (i.e., PNT F̃ PNS = F̃ and PNS G̃ PNR = G̃).
Without loss of generality, we assume that the eigenvalues
H
−1
H̃ are arranged in decreasing order, i.e.,
of Rs̃s̃ and H̃ Rññ
δ̃1 ≥ δ̃2 ≥ · · · ≥ δ̃L̃ > 0 and λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃R̃ > 0. The
following theorem establishes the WL design algorithm.
Theorem 2: Assume that L̃ = rank(Rs̃s̃ ) ≤ R̃ = rank(H̃).
The matrix Φ̃right does not affect the solution of (19) in anyway
and, then, one can set Φ̃right = O(2NT −R̃)×2NS , without loss
of optimality, whereas the optimum matrices Φ̃left,opt and Ψ̃opt
are given by
1/2 T

˜ −1/2 Λ̃−1/2 − ∆
˜ −1 Λ̃−1
Φ̃left,opt = Θ̃R̃ µ−1/2 ∆
Θ̃NS
up
up,red
up
up,red
+

Ψ̃opt

(32)


1/2
T
1/2
˜ 1/2 Λ̃−1/2 − µ Λ̃−1
= Θ̃NS µ1/2 ∆
Θ̃R̃ Λ̃up
up
up,red
up,red
+

(33)
where Θ̃R̃
,
[IL̃ , OL̃×(R̃−L̃) ]T
∈
RR̃×L̃ ,
T
2NS ×L̃
Θ̃NS
,
[IL̃ , OL̃×(2NS −L̃) ]
∈
R
, and
L̃×L̃
Λ̃up,red , diag(λ̃1 , λ̃2 , . . . , λ̃L̃ ) ∈ R
, and for K ≤ L̃
PK 1/2 −1/2 !2
k=1 δ̃k λ̃k
.
(34)
µ=
PK
2 Pt + k=1 λ̃−1
k
Proof: The proof can be conducted by resorting to a
mathematical framework similar to that used in [2], [4], by
taking into account the (possible) singularity of Rs̃s̃ .
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WL−Pre/Dec (INR=+∞)

−1

10

Average BER

To optimally compute Φ̃left,opt and Ψ̃opt , one can resort to
an iterative procedure similar to that used in the linear case
[4], initialized with K = L̃. The WL precoding/decoding
transceiver can potentially ensures a larger throughput with respect to linear structures.7 When Rs̃s̃ is nonsingular, i.e., L̃ =
2 NS , which happens when the symbols are proper, e.g., PSK
or QAM, condition L̃ ≤ R̃ boils down to NS ≤ min(NT , NR )
and, thus, the throughput of the WL transceiver is the same of
its linear counterpart. However, when the symbols are ASK,
DBPSK, OQPSK, OQAM, MSK, or GMSK, the matrix Rs̃s̃
is singular with L̃ = NS , in this case, condition L̃ ≤ R̃ ends
up to NS ≤ 2 · min(NT , NR ), which is exactly the double of
the maximum number of symbols that can be transmitted by
employing linear precoding/decoding techniques.
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Results of Monte Carlo simulations are presented to assess
the performance gain of the WL precoding/decoding technique
(referred to as WL-Pre/Dec) over the corresponding linear
counterpart of [2] (referred to as L-Pre/Dec). We considered
an (NT , NS , NR , Pt ) = (4, 4, 6, 1) MIMO system, transmitting
QPSK symbols with Rss = INS (and Rss∗ = ONS ×NS ) over
a fading channel, where the entries of H are independent and
identically distributed (i.i.d.) zero-mean unit-variance circularly symmetric complex Gaussian (CSCG) random variables.
The disturbance vector is modeled as in (23), where w is a
2
INR , the elzero-mean CSCG random vector with Rww = σw
ements of HI are i.i.d. zero-mean unit-variance CSCG random
variables, and  is composed of BPSK symbols with NI = 6
and R = R∗ = INI . The signal-to-disturbance ratio (SDR)
is defined as SDR , E[kH xk2 ]/E[knk2 ], whereas INR ,
E[kHI k2 ]/E[kwk2 ] is the interference-to-noise ratio (INR).
The average (over channel realizations) bit-error rate (BER)
versus the SDR is plotted in Fig. 1, for different disturbance
scenarios: (i) the disturbance is proper (i.e., INR = 0); (ii) the
disturbance is composed of proper and improper equal-power
components (i.e., INR = 1); (ii) the disturbance is completely
improper (i.e., INR = +∞).
Results show that, when the disturbance is proper, the WL
transceiver achieves the same BER performance of its linear
counterpart, thus confirming that linear precoding/decoding
schemes are optimal in the case of proper symbols and disturbance. However, when the disturbance contains an improper
component, the WL transceiver significantly outperforms the
linear one, by ensuring huge performance gains when the
disturbance is completely improper.
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