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ABSTRACT
This paper deals with the problem of transceiver optimization for amplify-and-forward multiple-input multiple-output
(MIMO) cooperative networks with multiple relays. We consider the case where precoding at the source, forwarding at
the relays, and decoding at the destination are all carried out
by means of widely-linear (WL) structures. On the basis
of the minimum-mean-square-error criterion with appropriate power constraints, we propose a closed-from design for
the WL-MIMO source precoder, relaying matrices, and destination decoder. Numerical results, in terms of bit-error rate,
demonstrate that, when the disturbance exhibits improper or
noncircularity features, the proposed design ensures significant performance gain with respect to its linear counterpart.
1. INTRODUCTION
Multiple-input multiple-output (MIMO) wireless relaying can
increase system throughput, overcoming the adverse effects
of fading and expanding network coverage [1–7]. Such benefits, however, can be fully achieved only if all the cooperating transceivers are judiciously optimized. Constrained optimization of cooperative networks with amplify-and-forward
(AF) relays has tackled a great bulk of research activity (see,
e.g., [8–13] and references therein), by assuming that full
channel state information (CSI) on the relevant MIMO links
is known to all the cooperating nodes.
While optimization of the one source–one relay–one
destination (1S-1R-1D) network configuration, with power
constraints at both the source and the relay, can be carried out
in closed-form as in traditional MIMO systems [14], the same
techniques cannot be used for the more general one source–
multiple relays–one destination (1S-MR-1D) topology, due
to the block-diagonal form of its constituent building blocks.
Henceforth, with reference to the latter case, most existing works rely on iterative schemes to jointly optimize the
source precoder, the forwarding matrices, and the destination decoder, with power constraints at the source, as well
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as at the relays [11, 13] or at the destination [8]. Moreover,
linear complex-valued transceiver structures are considered
in all the aforementioned papers, under the assumption that
the transmitted symbols and disturbances are modeled as
proper [15] or circular [16] random processes.
The aim of this paper is to generalize linear MIMO designs for 1S-MR-1D network configurations, by considering
instead widely-linear (WL) MIMO complex processing [17–
20] at the source, at the multiple relays, and at the destination. As a matter of fact, WL precoders and decoders for
MIMO non-cooperative (i.e., without relaying) systems have
been originally proposed in [21] and, subsequently, in [22].
Optimization of a WL cooperative 1S-1R-1D network with
single-antenna nodes has been carried out in [23]. Herein,
adopting the minimum-mean-square-error (MMSE) criterion,
under the assumption that the disturbances are improper or
noncircular, we develop closed-form expressions for the WLMIMO source precoder, WL-MIMO forwarding matrices at
the relays, and WL-MIMO destination decoder. The effectiveness of the proposed approach is corroborated by the results of performance analysis, carried out by means of Monte
Carlo computer simulations.
2. NETWORK MODEL AND BASIC ASSUMPTIONS
Let us consider a 1S-MR-1D network model with KR relays,
where all nodes are equipped with multiple antennas, with
(NS , NR , ND ) denoting the number of antennas at the source,
relays, and destination. The relays adopt the AF protocol and
operate in half-duplex mode; moreover, no direct link exists
between the source and the destination. All the wireless links
are modeled as quasi-static frequency-flat channels.
In each transmission period, the source transmits a block
s ∈ CNB of NB ≤ NS proper symbols, with mean E(s) =
0NB , correlation matrix E(s sH ) = σs2 INB , and conjugate correlation matrix E(s sT ) = ONB . We consider WL signal processing [17] at each node: at the source, in particular, vector
s and its conjugate version s∗ are jointly processed
x = B1 s + B2 s∗ = B s̃

(1)

by means of the precoding matrices B1 ∈ CNS ×NB and
B2 ∈ CNS ×NB , where B  [B1 , B2 ] ∈ CNS ×2NB and
s̃  [sT , sH ]T ∈ C2NB .
The transmission is divided into two phases: in Phase
I, the source directly transmits x to the relays; in Phase II,
the relays precode the received data and forward the resulting
blocks towards the destination. Let KR  {1, 2, . . . , KR }, the
received signal at relay  ∈ KR during Phase I is given by
z = H x + w

(2)

where H ∈ CNR ×NS is the first-hop or backward MIMO
channel matrix between the source and the th relay, whereas
w ∈ CNR models the disturbance at the th relay. We assume
2
that E[w ] = 0NR , E[w wH ] = σw
I , and E[w wT ] =
 NR
ρw INR , with ρw ∈ C. Moreover, w1 is statistically independent of x and of w2 , for 1 = 2 ∈ KR ; it is proper if and
only if (iff) ρw = 0, otherwise it is improper [16].
For each  ∈ KR , the vector z in (2) is subject to a
WL transformation through the forwarding matrices F1, ∈
CNR ×NR and F2, ∈ CNR ×NR , hence yielding
y = F1, z +

F2, z∗

.

(3)

A compact form of the KR relations (3) can be obtained as
T T
] = F1 z + F2 z∗ = F z̃
y  [y1T , y2T , . . . , yK
R

(4)

where, for i ∈ {1, 2}, Fi  diag(Fi,1 , Fi,2 , . . . , Fi,KR ) ∈
CNC ×NC , and NC  KR NR , F  [F1 , F2 ] ∈ CNC ×2NC .
According to (2), the following vectors have been also defined
z  [zT1 , zT2 , . . . , zTKR ]T = H x + w
 x̃ + w̃
z̃  [zT , zH ]T = H

(5)
(6)

where H  [HT1 , HT2 , . . . , HTKR ]T ∈ CNC ×NS , w  [w1T , w2T ,
T T
. . . , wK
] ∈ CNC , w̃  [wT , wH ]T ∈ C2NC , and
R
 
H




ONC ×NS
∈ C2NC ×2NS .
H∗

H
ONC ×NS

(7)

Accounting for (1), we additionally observe that
 s̃
x̃  [xT , xH ]T = B
where


B1
T
H T

B  [B , ΠNB B ] =
B∗2

The matrix Πn ∈ R


B2
∈ C2NS ×2NB .
B∗1

2n×2n

(8)

(9)

in (9) is a permutation matrix

On×n
In
Πn 
(10)
In
On×n


satisfying Π2n = I2n and ΠTn = Πn .

In Phase II, at the destination, the received signal is
r = Gy + n

(11)

where G  [G1 , G2 , . . . , GKR ] ∈ CND ×NC , with G ∈
CND ×NR being the second-hop or forward MIMO channel
matrix between the th relay and the destination, and n ∈
CND is the disturbance vector. We assume that n is statistically independent of y, having E[n] = 0ND , E[n nH ] =
σn2 IND , and E[n nT ] = ρn IND , with ρn ∈ C. The disturbance
vector n is proper iff ρn = 0, otherwise it is improper [16].
Vector r is subject to WL equalization by means of the
decoding matrices D1 ∈ CNB ×ND and D2 ∈ CNB ×ND , which
yields an estimate
e  D1 r + D2 r∗ = D r̃

(12)

of the source block s, whose entries are quantized to the nearest symbols of the considered constellation set; moreover,
D  [D1 , D2 ] ∈ CNB ×2ND , and, by virtue of (11) and (4),
 ỹ + ñ
r̃  [rT , rH ]T = G
 z̃
ỹ  [yT , yH ]T = F
with ñ  [nT , nH ]T ∈ C2ND , and


G
OND ×NC
 
G
∈ C2ND ×2NC
OND ×NC
G∗


F1 F2
T
H T

F  [F , ΠNC F ] =
∈ C2NC ×2NC .
F∗2 F∗1

(13)
(14)

(15)

(16)

Taking into account (6), (8), (13), (14), one obtains
F
H
B
 s̃ + G
F
 w̃ + ñ = C
 s̃ + ṽ
r̃ = G

(17)

 G
F
H
B
 ∈ C2ND ×2NB represents the dual-hop
where C
F
 w̃ + ñ ∈ C2ND is the overall
channel matrix and ṽ  G
disturbance term. It is noteworthy that the constituent building blocks of the considered 1S-MR-1D MIMO network with
 F,

WL processing exhibit special structures. In particular, G,
 and B
 are centrohermitian 2-by-2 blockwise matrices [24],
H,
whereas s̃, w̃, and ñ are conjugate symmetric vectors [21].
Hereinafter, the aim is to jointly optimize the matrices B,
F, and D under the assumption that full CSI is available at
each node in the network.
3. WIDELY-LINEAR TRANSCEIVER DESIGN
Most performance measures in vector optimization problems
involve the mean square error (MSE) matrix E(B, F, D) 
E[(e − s) (e − s)H ] . Indeed, for n ∈ {1, 2, . . . , NB }, the
MSE on the nth symbol stream is the nth diagonal element
MSEn (B, F, D)  {E(B, F, D)}nn of E(B, F, D). To assess the global performance of the network, one might use any
B
function of the per-stream MSEs, i.e., {MSEn (B, F, D)}N
n=1 ,

that is increasing in each argument [14]. Herein, we consider
as global performance measure the sum of the diagonal elements of E(B, F, D), i.e.,
MSE(B, F, D)  tr[E(B, F, D)] =

NB


MSEn (B, F, D) .

n=1

(18)
Minimization of (18) with respect to B, F, and D must be
carried out under appropriate power constraints involving B
and F; the choice of such constraints greatly influences the
possibility of obtaining closed-form solutions.
In order to limit the average transmit power of the source
(in units of energy per transmission) PS (B)  E[x2 ] =
B
 H ), the constraint tr(B
B
 H ) ≤ γS , where γS > 0,
σs2 tr(B
is typically used. As to F, a viable approach [8, 10] consists
of imposing a constraint on the average power received at the
destination in Phase II which, accounting for (13) and (14),
can be upper bounded as
H G
 H)
F
 z̃2 ] = tr(G
F
 Rz̃z̃ F
PD (F)  E[G
 H)
F
F
H G
≤ tr(Rz̃z̃ ) tr(G

MSE matrix, with


D1 D2
T
H T

∈ C2NB ×2ND
D  [D , ΠND D ] =
D∗2 D∗1
 B,
 F,
 D)
  E[(ẽ − s̃) (ẽ − s̃)H ]
E(
C
 − I2NB )(D
C
 − I2NB )H + D
 Rṽṽ D
H
= σs2 (D

(25)

ẽ  [eT , eH ]T ∈ C2NB , whereas Rṽṽ  E(ṽ ṽH ) =
F
 Rw̃w̃ F
H G
 H +Rññ and Rññ  E(ñ ñH ) ∈ C2ND ×2ND .
G
Theorem 1 allows one to reformulate the original optimization problem (20) as in (24), which admits an easier solution.
 and
It is well-known (see, e.g., [14]) that, for fixed matrices B


F, problem (24) becomes convex quadratic in the matrix D
and the corresponding closed-form optimal solution is given
by the Wiener filtering matrix
 mmse = σ 2 C
 H (σ 2 C
C
 H + Rṽṽ )−1
D
s
s
 H R−1 C)
 −1 C
 H R−1
= σs2 (I2NB + σs2 C
ṽṽ

ṽṽ

(26)

(19)

where the second expression comes from the matrix inversion
lemma. Substituting (26) into (25) yields

B
B
H H
 H + Rw̃w̃ , Rw̃w̃ 
where Rz̃z̃  E[z̃ z̃H ] = σs2 H
H
2NC ×2NC
, and the inequality stems from the maE[w̃ w̃ ] ∈ C
trix trace inequality for positive semidefinite matrices. By
virtue of (19), instead of directly limiting PD (F), we impose
F
F
H G
 H ) ≤ γR , with γR > 0, which enthe constraint tr(G
H
 H ) + tr(Rw̃w̃ )]. The
sures that PD (F) ≤ γR [γS σs2 tr(H
aforementioned constraint allows one to simplify the derivation of the optimal precoding and forwarding matrices. Therefore, the proposed design problem can be formulated as

 B,
 F)
  E(B,
 F,
 D
 mmse ) = σs2 (I2NB + σs2 C
 H R−1 C)
 −1 .
E(
ṽṽ
(27)
 F)
  tr[E(
 B,
 F)],
 problem (24) boils
˜ B,
Therefore, let MSE(
 F)
 under the power constraints
˜ B,
down to minimizing MSE(
H H
F
F
H G
 H ) ≤ 2 γR . In order



tr(H B B H ) ≤ 2 γS and tr(G
to derive closed-form expressions for such a problem, we rely
on Lemma 1 (whose proof is omitted).


min MSE(B, F, D) s.t.

B,F,D

B
 H ) ≤ γS ;
tr(B
 H ) ≤ γR .
F
F
H G
tr(G

(20)

The following theorem (whose proof is omitted) simplifies the
search for the solution of (20).
Theorem 1 The matrices Bopt , Fopt , and Dopt are solutions
of the original problem (20) iff the augmented matrices
T
2NS ×2NB
B̃opt  [BTopt , ΠNB BH
opt ] ∈ C

(21)

T
2NC ×2NC
F̃opt  [FTopt , ΠNC FH
opt ] ∈ C

(22)

T
2NB ×2ND
D̃opt  [DTopt , ΠND DH
opt ] ∈ C

(23)

are solutions of the constrained minimization problem

 F,
 D)
 s.t.
˜ B,
min MSE(

 F,
 D

B,

B
 H ) ≤ 2 γS ;
tr(B
 H ) ≤ 2 γR ;
F
F
H G
tr(G

(24)

 F,
 D)
  tr[E(
 B,
 F,
 D)]
 is the augmented
˜ B,
where MSE(

˜ B,
 F)
 is lower bounded as
Lemma 1 The matrix MSE(


˜ B,
 F)
 = tr (I2NB + σs2 C
 H R−1 C)
 −1
MSE(
ṽṽ


2  H  −1
 F)
 . (28)
˜ LB (B,
 MSE
≥ tr (I2NB + σs C C)

By virtue of Lemma 1, and substituting the expression of C
 F)
 , the precoding and forwarding
˜ LB (B,
[see (17)] in MSE
matrices are synthesized as


H H
HF
H G
HG
F
H
 B)
 −1
min tr (I2NB + σs2 B
 F

B,


s.t.

B
 H ) ≤ 2 γS ;
tr(B
 H ) ≤ 2 γR .

F
H G
tr(G F

(29)

 F)
 as a func˜ LB (B,
Following [14], it can be proven that MSE
2ND ×2NC




, which are dense mation of B and Q  G F ∈ C
trices, is both Schur-concave and Schur-convex and, then, the
channel-diagonalizing structure of the precoding-forwarding
processing is optimal. Consequently, the solution of the prob and Q
 in terms
lem (29) is obtained [14] by parameterizing B

of the singular value decomposition (SVD) of the augmented
 thus having
overall backward channel matrix H,
 =Δ
U
H
and Q

(30)

−1

10

 ∈ C2NS ×L̃ has as columns the right-singular vectors
where V


of H corresponding to its largest L̃  min{2NB , rank(H)}
singular values arranged in increasing order,

ABER

 =V
Σ

B

0

10

−2

10

L̃×2NB
 = [diag(σ̃1 , σ̃2 , . . . , σ̃ ), O
(31)
Σ
L̃
L̃×(2NB −L̃) ] ∈ R

with σ̃1 , σ̃2 , . . . , σ̃L̃ being scalar variables to be further opti ∈ C2NC ×L̃ collects the left-singular vectors of H

mized,1 U
corresponding to its largest L̃ singular values, and

−3

10

Linear
Widely−linear

−4

10

T
2ND ×L̃
 = [diag(δ̃1 , δ̃2 , . . . , δ̃ ), O
Δ
(32)
L̃
(2ND −L̃)×L̃ ] ∈ R

with δ̃1 , δ̃2 , . . . , δ̃L̃ being real (see footnote 1) scalar vari is a centrohermitian
ables to be further optimized. Since H
2-by-2 blockwise matrix [24], its singular vectors can be as∗ = V

sumed to be conjugate symmetric [21], i.e., ΠNS V
 ∗ = U.
 In the following, we assume for simplicand ΠNC U
ity that NS ≤ NC and the overall backward channel matrix H
 = rank(H) +
is full-column rank. Hence, one has rank(H)
rank(H∗ ) = 2NS , which in its turn implies that L̃ = 2NB ,
since NB ≤ NS by assumption.
Relying on (30), the complicated matrix optimization
problem (29) can be simplified to the following one
min

α̃1 ,...,α̃L̃ ,β̃1 ,...,β̃L̃

f0 (α̃1 , . . . , α̃L̃ , β̃1 , . . . , β̃L̃ )
⎧
⎪
⎨
s.t.

⎪
⎩

L̃
=1 α̃
L̃
=1 β̃

≤ 2 γS ;

≤ 2 γR ;
α̃ > 0, β̃ > 0 ;

(33)

where α̃  σ̃2 , β̃  δ̃2 , and
f0 (α̃1 , . . . , α̃L̃ , β̃1 , . . . , β̃L̃ ) 

L̃ 


1 + σs2 λ̃ α̃ β̃

−1

=1

(34)
with λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃L̃ denoting the largest L̃ singular
 Convexity of the optimization problem (33) can
values of H.
be characterized by proving that the objective function (34) is
a sum of convex functions [25]. By symmetry, one can infer
that α̃ = β̃ , for  = {1, 2, . . . , L̃}, when γS = γR  γ.
2
2 −1
In this case, it can be readily shown that (1 +
√ σs λ̃ α̃ )−1
are convex decreasing functions when α̃ > ( 3 σs |λ̃ |) ,
for each  = {1, 2, . . . , L̃}. It is worth noting that such a
condition boils down to w > 0 for moderate-to-high signalto-noise ratio (SNR) values, i.e., when σs2 is sufficiently large.
Therefore, the optimization problem (33) can be efficiently solved using the interior-point method [25]. At this
1 Such

variables are supposed to be real without loss of generality.
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Fig. 1. Average BER versus SNRs .
point, by exploiting the centrohermitian 2-by-2 blockwise
 and Q
 given by (30), and asstructures of the matrices B
suming that the channel matrices G are full-row rank for
each  ∈ KR , one can obtain the corresponding closed-from
solution for B and F.
4. NUMERICAL ANALYSIS
We considered a cooperative network with (NS , NR , ND ) =
(2, 2, 2). The source transmits QPSK symbols, with σs2 = 1
and NB = 2, over a Rayleigh fading channel: hence, the entries of the channel matrices H and G were modeled as independent and identically-distributed (i.i.d.) zero-mean circularly symmetric complex Gaussian (CSCG) random variables,
with variances σs2 /NS and σr2 /NC , respectively.
The noise at the relays w and at the destination n was
generated according to the linear model d = Υ i + u [26],
i.e., as the sum of improper interference and proper thermal noise u, where i ∈ Cm is composed of BPSK symbols
and is independent of u, Υ ∈ Cn×m collects the channel coefficients between the interference source and the
receiver, whose entries are i.i.d. zero-mean unit-variance
CSCG random variables, and m and n are properly chosen. It can be shown that the resulting correlation matrix is
Rdd = Ruu + Υ Rii ΥH , where Ruu  E[u uH ] ∈ Cn×n
and Rii  E[i iH ] ∈ Cm×m , whereas the conjugate correlation matrix is Rdd∗ = Υ Rii∗ ΥT . Moreover, we defined
SNRs = σs2 γs NC /NS and SNRr = σr2 γr ND /NC as the SNR
for the source-to-relays link and the relays-to-destination
link, respectively, and set SNRr to 10 dB.
The average bit-error-rate (ABER) versus SNRs is plotted in Fig. 1. Results show that the WL transceiver significantly outperforms the linear one, assuring performance gain
of about 5 dB in the moderate-to-high SNRs range.
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