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Abstract
We propose an adaptive minimum variance equalizer, which is able to recover the transmitted symbols even in the presence of
severe co-channel interference (CCI) or adjacent-channel interference (ACI). Under the assumption that the interference exhibits
a different symbol rate from the desired signal, the proposed equalizer can mitigate CCI/ACI without requiring knowledge of the
channel impulse response of the interference.

I. I NTRODUCTION
Recently, the problem of synthesizing equalization techniques aimed at simultaneously reducing the harmful effects
of intersymbol interference (ISI), co-channel interference (CCI) and/or adjacent-channel interference (ACI) in highspeed digital communications systems has been considered [1]. In this work, the equalizer structure is derived under
the assumption that the desired and the interference signals exhibit the same symbol rate, which leads to time-invariant
structures. Moreover, besides the knowledge of the channel impulse response (CIR) of the desired user, in [1] it is also
required that the CIR of the interfering signal is known, which is not a realistic assumption in many cases. However,
we have shown in [2], [3] that, when the desired and interference signals exhibit different symbol rates, knowledge
of the interference CIR can be avoided by exploiting the cyclostationarity of the CCI and/or ACI, which allowed us
to synthesize linear periodically time-varying (LPTV) equalizers with remarkable interference suppression capabilities. Unfortunately, adaptive implementations of the minimum mean-square error (MMSE) equalizers [2], [3] are not
straightforward, since they correspond to the optimization of a time-varying cost function.
In this letter, we propose an adaptive implementation of the LPTV-MMSE solution adopted in [3], which is found by
resorting to Fourier-series representation (FSR). To this aim, we exploit the minimum variance distortionless response
(MVDR) optimization criterion, which has been successfully employed, in the context of code-division multiple-access
systems, for deriving the well-known minimum output energy (MOE) adaptive multiuser detector [4]. However, the
nonstationary nature of the CCI and/or ACI prevents the application to our problem of a simple time-invariant equalization technique based on the MOE algorithm. Instead, we first formulate the MMSE LPTV equalization problem in
terms of a time-varying MVDR optimization criterion. Then, we further show that the optimal LPTV-MVDR equalizer can be reformulated as the solution of a linearly constrained minimum variance (LCMV) optimization problem [5]
with multiple linear constraints. Finally, by using the generalized sidelobe canceller (GSC) [6] scheme and applying
the well-known recursive least-square (RLS) algorithm, we obtain a fast and accurate adaptive implementation of the
considered LPTV-MVDR equalizer.
II. S YSTEM MODEL AND LPTV-MVDR EQUALIZATION
Let s(i) and sI (i) denote the symbols of the desired and interference user, respectively. At the transmitter, s(i) and
sI (i) are linearly modulated with different signaling periods TU and TI , and transmitted over linear time-invariant (LTI)
channels with CIRs ca (t) and cI,a (t), respectively. The complex envelope of the received signal can be expressed as
ra (t) = ua (t) + ia (t) + wa (t), where
ua (t) =
ia (t) =

∞
!

i=−∞
∞
!
i=−∞

s(i) ca (t − iTU ) ,

(1)

sI (i) cI,a (t − iTI ) ej2πfI t

(2)
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are the desired signal and the ACI/CCI, respectively, fI is the frequency offset of the interference, and, finally, wa (t)
denotes thermal noise. We will assume that: (i) s(i) and sI (i) are mutually independent zero-mean and independent
identically-distributed; (ii) wa (t) is a wide-sense stationary zero-mean complex circular process, independent from s(i)
and sI (i); (iii) ca (t) has finite support [0, Lc TU ). The signal ra (t) is then oversampled at rate N/TU (with N > 1
denoting the oversampling factor). After stacking N consecutive samples of ra (t) (taken within the kth symbol interval
of the desired user), the observations can be regarded as a N -column vector
r(k) =

L!
c −1
i=0

c(i) s(k − i) + i(k) + w(k) ,

(3)

△

where c(k) = [ ca (kTU ), ca (kTU + TNU ), . . . , ca (kTU + NN−1 TU ) ]T is the signal channel vector, with T denoting
transpose, and i(k) and w(k) are the interference and noise vectors, respectively.
In vector form, the output ŝ(k) of a linear equalizer, spanning Le symbols in the past, can be written as ŝ(k) =
△

bH (k) z(k), where b(k) and z(k) = [ r T (k), r T (k − 1), . . . , r T (k − Le + 1) ]T are both (N Le )-column vectors,
and H denotes hermitian transpose. It is shown in [2] that, due to the presence of the interference, the statistical
△

correlation matrix Rzz (k) = E[z(k) z H (k)] of the input vector z(k), with E[·] denoting statistical averaging, can
be periodically time-varying (PTV) or almost periodically time-varying (APTV) in k, depending on the ratio TU /TI .
Thus, a conventional LTI filter is expected to perform very poorly in the presence of high-level interference, which led
us to consider a time-varying equalizer b(k). To solve for b(k), we resort here to the MVDR criterion [4], that is, we
minimize the equalizer output variance E[|ŝ(k)|2 ] for each value of k, subject to a linear response constraint, which has
the effect of preserving the desired symbol s(k). This can be formulated mathematically as
"
#
min bH (k) Rzz (k) b(k)
subject to bH (k) c0 = 1 ,
(4)
b(k)

△

where the (N Le )-column vector c0 = [cT (0), 0, 0, . . . , 0]T depends on the signal CIR. Using the method of Lagrange
multipliers, it is not difficult to show that the potential solutions of the constrained optimization problem (4) are all
vectors b(k) satisfying the linear system Rzz (k) b(k)− λ(k) c0 = 0, where λ(k) is the Lagrange multiplier. To proceed
further, although our derivation can be generalized to the APTV case, we concentrate on the case where TU /TI = p1 /P
is a rational number (with p1 and P co-prime integers), which implies that Rzz (k) is simply periodic in k with period
P [2]. In this case, if the periodic functions Rzz (k), b(k), and λ(k) are expanded in terms of their discrete Fourier
series and substituted in the above linear system and in the constraint (4), by straightforward calculations one obtains
P −1 P −1
P
−1
!
2π
1 !!
j 2π
ℓk
P
Rzz (ℓ − m)P β(m) e
=
Λ(ℓ) c0 ej P ℓk
P

(5)

P −1
2π
1 ! H
β (ℓ) c0 ej P ℓk = 1 ,
P

(6)

ℓ=0 m=0

ℓ=0

subject to

ℓ=0

where Rzz (ℓ), β(l), and Λ(ℓ) denote the ℓth Fourier coefficient of Rzz (k), b(k) and λ(k), respectively, and (·)P
denotes modulo-P operation. Since identities (5) and (6) hold for all values of k, we can equate factors of corresponding
exponential terms, obtaining thus, for ℓ = 0, 1, . . . , P − 1, the following P linear systems:
△
$ zz (ℓ) =
where R

1
P

$ zz (ℓ) ψ = Λ(ℓ) c0 subject to CH ψ = j ,
R
0

(7)

△

△

[Rzz (ℓ)P , . . . , Rzz (ℓ − P + 1)P ], ψ = [β T (0), . . . , β T (P − 1)]T , and C 0 = I ⊗ c0 , with I and
△

⊗ denoting the P × P identity matrix and the Kronecker product, respectively, and, finally, j = [ P, 0, . . . , 0 ]T is the
P -column response vector.
The systems in (7) can be rewritten as a single system Φzz ψ = C 0 λ , whose solution is ψλ = Φ−1
zz C 0 λ, where
T
△
△ $T
T
T
$
Φzz = [R (0), . . . , R (P − 1)] and λ = [Λ(0), . . . , Λ(P − 1)] . By imposing that ψλ satisfies the constraints
zz

zz
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(7), the FSR-based solution for (4) is given by
ψ LCMV = Φ−1
zz C 0

%

−1
CH
0 Φzz C 0

&−1
j.

(8)

Note that the optimum weight vector ψLCMV can also be regarded as resulting from minimization of the time-averaged
output power ⟨E[|ŝ(k)|2 ]⟩ subject to the P linear constraints expressed by CH
0 ψ = j. In other words, we have turned
the LPTV-MVDR problem (4) with a single constraint into an equivalent time-averaged LCMV optimization problem
with multiple constraints, which has the same mathematical form as that considered in [5] in the framework of array
processing. Such an equivalence allows one to decompose the weight vector ψ, according to the GSC scheme [6], into
−1 j
two orthogonal components, as ψ = ψ0 − Π0 ψ a , where the quiescent vector is given by ψ0 = C 0 (C H
0 C0)
and the (N P Le ) × (N Le − 1)P signal blocking matrix Π0 is chosen such as its columns form a basis for the null
H
space of C 0 [6]. Finally, the optimal solution of the data-dependent component ψa is given by ψa = Ξ−1
zz Π0 Φzz ψ 0 ,
△

with Ξzz = ΠH
0 Φzz Π0 . In [6], the component ψa is adaptively estimated from the data using the normalized
least-mean square (LMS) algorithm. However, in general, LMS-based algorithms exhibit relatively slow convergence
which, moreover, is heavily dependent on the eigenvalue spread of Φzz . To overcome this drawback, in the simulations
reported in the next section, we consider a version of the RLS algorithm tailored to the GSC case [7], which exhibits
much faster convergence with a tolerable increase in complexity.
III. N UMERICAL RESULTS
In this section, the performances of the proposed adaptive equalizers are compared with those of the following
receivers: (i) the batch version of the LPTV-MVDR receiver (8); (ii) the batch version of the conventional LTI-MVDR.
The desired signal constellation is BPSK, the interfering signal is a QPSK CCI with fI = 0, the ratio TU /TI is 3/4,
i.e., P = 4. The channels ca (t) and cI,a (t) are modeled as in [3], with Lc = 5 for the signal channel. The thermal noise
is a complex circular Gaussian process, and the signal-to-noise ratio (SNR) is set to 30 dB. The oversampling factor
is set to N = 3 and the equalizer length is set to Le = 5 for all considered equalizers. As performance measure, we
choose the time-averaged signal-to-interference-plus-noise ratio (TA-SINR) at the output of the considered equalizers,
averaged over 100 Monte Carlo trials.
Figure 1 shows the TA-SINR normalized to the corresponding value obtained with the batch version of the LPTVMVDR receiver, as a function of the number of iterations and for different SIR values. Remarkably, the performances
of the RLS version of the proposed equalizer are the same for all the different SIR values (the RLS curves are practically
indistinguishable), whereas the performances of the LMS version are heavily dependent on SIR values.
Figure 2 reports the steady-state performances as a function of SIR, evaluated over 2000 symbols and neglecting the
first 400 ones. The curves show that the performances of the RLS version of the proposed equalizer are quite robust to
SIR variations and follow closely those of its batch counterpart LPTV-MVDR, whereas those of the LMS one exhibit
an increasing degradation with decreasing SIR. Note, moreover, the performance advantage of all LPTV receivers over
the LTI one, whose performances are unacceptable for moderate-to-low values of SIR.
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Fig. 1. Normalized TA-SINR versus number of iterations for the adaptive equalizers (SIR equal to −20, −10, 0, and 10 dB).
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Fig. 2. TA-SINR versus SIR for the different equalizers.
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