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Cooperative randomized MIMO-OFDM downlink
for multicell networks: design and analysis
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Abstract—This paper proposes a low-complexity physical
(PHY) layer design to introduce cooperation in the downlink of
an infrastructure-based multicell multiple-input multiple-output
(MIMO) orthogonal frequency-division multiplexing (OFDM)
network, aimed at supporting future high-throughput broadband
wireless Internet access with large-scale coverage. In such a
system, several multi-antenna base stations (BSs) are organized
in a cellular architecture to serve multiantenna mobile stations
(MSs) and are connected to a central service unit via a high-speed
wired backbone. To improve the network performance, a novel
PHY layer design is proposed that allows cooperation among
an arbitrary and unknown number of BSs, by suitably randomizing the MIMO-OFDM block codes used by the BSs. Such a
randomized MIMO-OFDM code renders the encoding/decoding
rule independent of the number of actual BSs cooperating and
works without any channel feedback, which greatly simplifies
the protocol as well as the MS design. To provide performance
insights and develop PHY layer designs, the paper provides
analytical upper bounds on the symbol error probability for
linear receivers, which allow to accurately evaluate the diversity
order and the coding gain achievable through the proposed
scheme. Finally, we present numerical results that validate the
theory and highlight the performance gain and the coverage
expansion attainable with our cooperative transceiver.
Index Terms—Cooperative downlink, infrastructured multicell
networks, minimum mean-square error (MMSE) linear decoding, multiple-input multiple-output orthogonal frequency-division
multiplexing (MIMO-OFDM) technology, physical (PHY) layer
design, randomized space-time block coding (STBC), zero-forcing
(ZF) linear decoding.

I. I NTRODUCTION

N

EXT-GENERATION wireless communication systems
are expected to deliver a wide variety of very high data
rate multimedia services (such as voice over Internet protocol,
video conferencing, streaming data, multiplayer interactive
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gaming, web browsing, instant messaging, and media content downloading) and, at the same time, provide wide-rage
coverage to mobile users. The IEEE 802.16e-2005 standard
[1], also referred to as mobile worldwide interoperability
for microwave access (WiMAX), is one step towards the
specification of a cost-effective communication system capable
of offering fixed and mobile broadband wireless access over
both local and metropolitan area networks. A key physical
(PHY) layer technology of mobile WiMAX is multiple-input
multiple-output (MIMO) orthogonal frequency-division multiplexing (OFDM). MIMO provides multiplexing and diversity
gains (see, e.g., [2]–[4]) and, at the same time, the OFDM
air interface mitigates effectively the intersymbol interference
(ISI) caused by multipath fading and asynchronism (see,
e.g., [5]). While in principle mobile WiMAX can support
alternative architectures based on multihop ad hoc networking
in multipoint-to-multipoint operation mode, the conventional
cellular deployment remains an integral part of IEEE 802.16e
medium access control (MAC) sublayer in point-to-multipoint
(PMP) operation mode. WiMAX PMP mode provides widearea coverage by organizing nodes into a cellular infrastructure, where mobile stations (MSs) within a given cell are
wirelessly served by a single base station (BS); all (or a subset
of) the BSs are connected by a high-speed wired backbone that
allows information to be reliably exchanged among them. As a
relevant example, WiMAX PMP mode can provide last-mile
unicast or multicast access to a broadband Internet service
provider (ISP), which will clearly be the major demand in
WiMAX networks. In such applications, the uplink traffic is
much less than the downlink traffic. Thus, in this paper, the
attention is focused on enhancing the throughput of downlink
communications for cell-dependent infrastructured networks.
Traditionally, downlink transmissions in cellular systems
are carried out through single-cell processing, where a MS
only communicates with its own BS, while a BS serves
multiple MSs. Recently, motivated by the requirement for
more spectrally efficient wireless systems and, at the same
time, pressed by the desire to keep MSs simple and costeffective by shifting processing complexity to the BSs, there
has been increasing interest in enhancing the performance of
multicell networks by exploiting cooperative processing at
the BSs [6]–[14]. In BS cooperative approaches, a MS or,
as in multicast applications (e.g., group communications) a
group of MSs, can be served by a set of different BSs which
mutually exchange information via a central service unit (e.g.,
ISP). In practice, the set of BSs assigned to a given MS is
dynamically updated on the basis of the channel quality, i.e.,
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the signal-to-noise ratio (SNR), between the served MS and
each potentially available BS. The benefits of node cooperation
in wireless networks have theoretical foundation [15]–[19]. In
the specific context of a multicell downlink, BS cooperation
provides significant capacity and coverage improvements, as
well as efficient solutions for handover management.
A. Related work
BS cooperation can be realized in more than one way.
The cooperative multi-cell downlink sum capacity is identical
to that of a MIMO broadcast channel and can be achieved
by resorting to dirty paper (DP) precoding [6]–[8]. However,
the implementation of DP precoders, which are intrinsically
nonlinear, might entail in practice prohibitive complexity.
For this reason, suboptimal linear precoding or beamforming
designs have been proposed and analyzed in, e.g., [9]–[14].
These approaches make use of channel state information (CSI)
for the link towards the served MS, which is obtained either
by reciprocity in the uplink and downlink channels or by
using a feedback uplink channel. High mobility and the need
of providing multicast services, which are included in the
WiMAX standard, may reduce the appeal of these solutions,
while precoding schemes that do not require CSI at each BS
but extract transmit diversity and provide spatial multiplexing
are more desirable.
Unlike a system with a set of co-located array elements,
a cooperative downlink has a set of cooperating BSs that
dynamically varies while the served MS moves, i.e., when the
SNR over the link between the MS and each BSs changes.
Conventional space-time block codes (STBC) proposed for
cooperative schemes (see, e.g., [16], [18], [20]), do not account
for the time-varying nature of the set of cooperating BSs
and the receiver needs to be informed of the specific STBC
used at any particular time. Furthermore, the complexity of
the channel acquisition and receiver increases as the number
of cooperative nodes grows. Clearly, cooperative multicell
downlink transmissions can benefit from coding rules that
are agnostic of the actual PHY layer resources involved in
transmission, and that require a fixed receiver complexity.
A good analogy in this context is that of fading, which
is caused by a random recombination of signal paths. The
question is whether the cooperative BSs can emulate the same
effect. To simplify the recruitment of cooperative nodes, some
authors proposed to use delay diversity, generating a virtual
multipath channel by naturally staggering the transmissions of
the cooperative nodes [21], [22], while others tried to optimize
the resulting gains [23]. Randomized STBC (RSTBC) was
proposed in [24] much in the same spirit: this technique
allows for a decentralized implementation (i.e., neither internode communication nor central control unit is required) of
distributed multiple-input single-output systems. In [25] it was
shown that delay diversity can be studied in exactly the same
framework as in [24]. Furthermore, [24], [25] indicated that a
soft-randomization rule, that randomly combines codes, rather
than the random selection of codes, attains better diversity and
coding gains overall. In fact, such a strategy allows achieving
full diversity, equal to the minimum between the number of
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nodes cooperating and the code diversity order, irrespective of
the number of relays; moreover, it approaches the performance
of a centralized scheme [16], [18] both in diversity and coding
gain, under the maximum likelihood (ML) detection rule.
However, the analyses and the design guidelines provided in
[24] and [25] cannot apply directly to the infrastructure-based
multicell downlink framework at hand for the following three
main reasons: (i) they focus on the benefits of RSTBC in
cell-independent decentralized systems; (ii) they refer to ML
receiving structure, whose computational complexity might
be highly unmanageable for broadband WiMAX applications;
(iii) they are targeted at single-antenna nodes.
B. Our contribution
This paper proposes and analyzes a low complexity BS
cooperation strategy for broadband wireless Internet access,
with linear processing both at the transmit and receiver sides.
The target system has an infrastructure multicell architecture,
as in a WiMAX PMP network. Since cooperative transmissions are especially effective when the BSs and the MSs
are equipped with multiple antennae, according to the IEEE
802.16 standard, the PHY layer uses MIMO-OFDM with
linear precoding at the transmitter and, due to its simplicity,
we envision either zero-forcing (ZF) or minimum meansquare error (MMSE) linear equalization at the receiver. Our
idea to simplify the design of the MSs is to have each
BS transmits an independent random linear transformation
of a single MIMO-OFDM symbol, which will be referred
to as randomized MIMO-OFDM coding (R-MIMO-OFDM).
The key contributions of the paper are as follows: (i) the
novel R-MIMO-OFDM cooperative coding, a design that does
not need CSI at each BS and, more importantly, does not
require any knowledge at the MS regarding the set of the
cooperating BSs; (ii) a performance analysis of the proposed
R-MIMO-OFDM coding rule when linear ZF and MMSE
equalizers are used at the MS, which provides an upper
bound for the achievable performance with BS cooperation
and, as a by-product, allows one to recognize and discuss
some interesting tradeoffs between the main parameters of the
network, as well as to assess the coverage improvement with
respect to a noncooperative system; (iii) numerical simulation
results provided to further demonstrate the advantages of the
proposed PHY design, by showing in particular how network
performance is influenced by different choices of the statistics
of the randomized coding.
C. Outline of the paper
In Section II, we give a brief description of the multicell MIMO-OFDM system architecture with BS cooperation.
Section III introduces the novel R-MIMO-OFDM cooperative PHY design for multicell cooperative downlinks, and
describes the system model. In Section IV, we analyze the
symbol error probability (SEP) of the proposed R-MIMOOFDM cooperative downlink to evaluate the corresponding
attainable diversity and coding gains, whose insightfulness
is subsequently come up for discussion. Numerical results
are presented in Section V in terms of average bit-error-rate
(ABER), followed by concluding remarks in Section VI.
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D. Notations
Upper- and lower-case bold letters denote matrices and
vectors; the superscripts ∗, T , H, −1 and † denote the
conjugate, the transpose, the Hermitian (conjugate transpose),
the inverse and the Moore-Penrose generalized inverse of
a matrix; C, R and Z are the fields of complex, real and
integer numbers; Cn [Rn ] denotes the vector-space of all ncolumn vectors with complex [real] coordinates; similarly,
Cn×m [Rn×m ] denotes the vector-space of all the n × m
matrices with complex [real] elements; the operators Re{·}
and Im{·} stand for real and imaginary
parts of any complex√
valued quantity, whereas j , −1 denotes the imaginary unit;
the continuous-time function δ(t) denotes the Dirac impulse;
{A}i,k and {a}i indicate the (i+1, k +1)th element of matrix
A ∈ Cm×n and the (i + 1)th entry of vector a ∈ Cm , with
i ∈ {0, 1, . . . , m − 1} and k ∈ {0, 1, . . . , n − 1}; 0n , On×m
and In denote the n-column zero vector, the n × m zero
matrix and the n × n identity matrix; for any A ∈ Cn×m ,
rank(A), trace(A) and det(A) denote the rank, the trace and
the determinant (when n = m) of A; for any a ∈ Cn , kak
denotes the Euclidean norm; the symbol ∗ stands for (linear)
convolution and ⊗ denotes Kronecker product of matrices;
matrix A = diag(a0 , a1 , . . . , ap−1 ) ∈ Cp×p is diagonal;
E[·] denotes ensemble averaging and, finally, a circularly
symmetric complex Gaussian random vector x ∈ Cn with
mean µ ∈ Cn and covariance matrix C ∈ Cn×n is denoted
as x ∼ CN (µ, C), whereas a Gamma random variable X
with shape parameter α and scale parameter β is denoted as
X ∼ gamma(α, β).
II. T HE MULTICELL COOPERATIVE MIMO-OFDM
DOWNLINK

The system considered in this work is shown in Fig. 1.
There are T Xc cooperative BSs (Fig. 1 has T Xc = 3) that
collaborate to serve one MS, which will be also referred to
as the destination D. The set S of adjacent BSs serving D
is dynamically updated depending on the SNR over the link
between the MS and each surrounding distributed BS, which
requires the feedback of the SNR associated with the served
user. However, this only needs a minimum amount of signaling
in the uplink direction to provide timely SNR estimates. We
assume that S has already been defined and, moreover, both
S and its cardinality T Xc are deterministic but unknown
at the MS.1 All the participants are equipped with multiple
antennae: specifically, each BS has T Xa transmit antennae
and the served MS is equipped with RX receive antennae.
Moreover, each BS employs a MIMO-OFDM modulation with
(fixed) bandwidth W ≈ 1/T , number of subcarriers M and
cyclic prefix (CP) of length Mcp . The symbol rate is adjusted
by selecting the dimension Q of a quadrature amplitude
modulation (QAM) square constellation, which is fixed for

ISP

D

BS 0

BS 1

BS 2

Fig. 1. A multicell cooperative MIMO downlink: the adjacent cooperative
base stations S = {BS0 , BS1 , BS2 }, which are equipped with T Xa
transmit antennae, cooperatively serve the mobile station D, which has RX
receive antennae.

all the subcarriers. In such a framework, the actual number
T X of transmit antennae includes the number T Xa of local
antennae at each BS times the number T Xc of cooperative
BSs, that is, T X = T Xa ·T Xc . Consequently, the multiplexing
rate, which is defined as the number N of symbols transmitted
per subcarrier, is upper bounded as N ≤ min(T X, RX). The
smaller N the greater is the attainable energy per symbol (socalled diversity-multiplexing tradeoff [26]).
As can be seen from Fig. 1, there is also a central service
unit, e.g., a broadband ISP in last-mile Internet access, to
which are connected all the BSs via very high bandwidth
wired links, e.g., optical fiber. All the BSs belonging to S
receive reliably information from the central service unit by
means of a high-speed wired backbone: we assume that they
share the same sequence s[n] (n ∈ Z) of Q-QAM symbols
and they are perfectly synchronized by the central unit. The
channel between the BSs and the served MS is assumed to
be frequency-selective and quasi-static, which means that the
channel impulse responses remain fixed during the transmission of an OFDM symbol but are allowed to change from one
symbol to another. More precisely, let Ts , P T denote the
overall duration of the OFDM block, where P , M + Mcp ,
we assume that, over the kth symbol interval [k Ts , (k+1) Ts ),
the baseband equivalent time-varying channel impulse response cr,i,α (t, τ ) between the local transmit antenna α ∈
{0, 1, . . . , T Xa − 1} of the BS i ∈ {0, 1, . . . , T Xc − 1} and
the local receive antenna r ∈ {0, 1, . . . , RX −1} of D remains
(approximatively) constant, i.e., cr,i,α (t, τ ) ≈ cr,i,α (τ ) for
t ∈ [k Ts , (k + 1) Ts ) and τ ∈ R, but might change with
k ∈ Z. Furthermore, we assume that CSI is known only at the
MS via training but is unknown at each BS.
III. T HE PROPOSED PHY LAYER WITH R-MIMO-OFDM
CODING

1A

different approach consists of modeling S as a random set and T Xc as
a random variable, with given probability density functions. However, such
densities depend on the grouping strategy for the collaborating BSs, which
involves higher layers of the protocol stack, and, moreover, are highly scenario
dependent, since they depend on several physical parameters, such as location,
speed and mobility model of the served user, geometrical form and radius of
the cells, and so forth.

In this section, we present a proposal addressing some of
the challenges associated with the critical design issues of BS
cooperation for next-generation cellular wireless PHY layer,
by providing a detailed description of both the transmitter and
receiver design (see Fig. 2 as a reference).
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Fig. 2.

Block diagram of the proposed baseband R-MIMO-OFDM transceiver.

A. Transmitter design
For each BS, the symbol sequence s[n] is subject to serialto-parallel (S/P) conversion and, subsequently, is parsed in the
matrix S[k] = (s0 [k], s1 [k], . . . , sM −1 [k]) ∈ CN ×M , whose
mth column sm [k] is the vector of N symbols transmitted
on the mth subcarrier during the kth OFDM symbol, with
m ∈ {0, 1, . . . , M − 1} and k ∈ Z. Since the actual number
T X of transmit antennae is unknown, each BS uses as encoding parameter the number L of sought antennae, which is fixed
irrespective of T X. While linear designs are by no mean the
only alternative, they are the simple coding rule we are going
to consider to multiplex symbols in space and adapt to rate
requirements. More specifically, each cooperating BS precodes
spatially the symbol sequence in the same way by means of
the linear transformation Fm sm [k], where Fm ∈ CL×N is a
1
2
semi-unitary precoder, i.e., L ≥ N and FH
m Fm = N I N .
Equivalently, the matrix S[k] is mapped into the matrix
U[k] = (F0 s0 [k], F1 s1 [k], . . . , FM −1 sM −1 [k]) ∈ CL×M .
Subsequently, each BS performs the OFDM precoding in the
temporal dimension. Namely, each row of the matrix U[k]
is temporally precoded with an OFDM filterbank, and the
e
obtained data matrix is U[k]
= U[k] W IDFT Tcp ∈ CL×P ,
M ×M
where W IDFT ∈ C
is the unitary symmetric IDFT matrix
and Tcp , [ITcp , IM ] ∈ RM ×P , with Icp ∈ RMcp ×M collecting
e
the last Mcp rows of IM . Each row of U[k]
undergoes parallelto-serial (P/S) conversion and the resulting sequence u
e` [n]
e
is defined as follows: u
e` [kP + p] = {U[k]}
,
u
e
`,p
`,p [k],
for ` ∈ {0, 1, . . . , L − 1} and p ∈ {0, 1, . . . , P − 1}.
2 The precoding matrices {F }M −1 are assumed to be nonrandom and
m m=0
known at the MS. Indeed, since the relevant BSs have no CSI, the precoder
is fixed and used to adjust the multiplexing rate.

Since each BS has only T Xa antennae at its disposal, the
question that naturally arises is how the L streams {e
u` [n]}L−1
`=0
are transmitted. The idea of randomized cooperation is very
simple: the ith BS, with i ∈ {0, 1, . . . , T Xc −1}, transmits via
each local antenna α, for α ∈ {0, 1, . . . , T Xa − 1}, a random
linear combination of these streams with its own unique set of
random coefficients pi,α,l , thereby obtaining the T Xa different
code sequences

xi,α [n] =

L−1
X

pi,α,` u
e` [n] .

(1)

`=0

By introducing Pi ∈ CT Xa ×L and Xi [k] ∈ CT Xa ×P such that
{Pi }α,` = pi,α,l and xi,α,p [k] , {Xi [k]}α,p = xi,α [kP + p],
with α ∈ {0, 1, . . . , T Xa − 1}, ` ∈ {0, 1, . . . , L − 1} and,
finally, p ∈ {0, 1, . . . , P − 1}, the randomization coding
performed by BS i can be expressed in matrix form as
e
Xi [k] = Pi U[k].
We have the five-steps mapping summarized
in (2) at the top of the next page (see also Fig. 2). The
sequence xi,α [n] feeds a digital-to-analog converter (DAC)
at rate 1/T = P/Ts , and, after up-conversion, the ith BS
transmits from its local antenna α the signal (t ∈ R):
zi,α (t) = Re{xi,α (t) ej(ω0 +εi )t } ,

(3)

with

xi,α (t) =

+∞ P
−1
X
X
n=−∞ p=0

xi,α,p [n] g(t − p T − n Ts ),

(4)
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s[n]

S/P conversion

7−→

S[k] = (s0 [k], . . . , sM −1 [k])

temporal (OFDM) precoding

7−→

spatial precoding

7−→

e
U[k]
= U[k] W IDFT Tcp

U[k] = (F0 s0 [k], . . . , FM −1 sM −1 [k])

randomized coding

7−→

where ω0 is the carrier frequency, εi is the carrier offset,3 and
g(τ ) is a raised cosine pulse (τ ∈ R).4
B. Receiver design
Let τi account for the transmission and propagation delays of BS i ∈ {0, 1, . . . , T Xc − 1}, over the kth symbol
interval [k Ts , (k + 1) Ts ), the complex envelope yer (t) of
the received signal at the rth local receive antenna of D,
for r ∈ {0, 1, . . . , RX − 1}, is the mixture of all the
contributions received from the BSs, each convolved with
the respective baseband equivalent composite channel impulse
response cr,i,α (t, τ ) ≈ cr,i,α (τ ) (encompassing the cascade of
the interpolation filter, the physical channel between the local
transmit antenna α of the ith BS and the local receive antenna
r of D and the anti-aliasing filter), modulated by the residual
carrier offset, plus the filtered noise, i.e.,
yer (t) =

TX
Xc −1 T X
Xa −1
i=0

ej εi t [cr,i,α (t) ∗ xi,α (t − τi )] + ver (t) ,

α=0

(5)
for t ∈ [k Ts , (k + 1) Ts ). From (1)–(5), after sampling at
the Nyquist rate 1/T , we have the discrete-time model at the
output of the analog-to-digital converter (ADC):
yer,q [k] , yer (k Ts + q T ) =

L−1
X

+∞ P
−1
X
X

u
e`,p [n]

`=0 n=−∞ p=0

·e
cr,` [k, q, (k − n)P + (q − p)] + ver,q [k] ,

(6)

with k ∈ Z and q ∈ {0, 1, . . . , P − 1}, where
e
cr,` [k, q, h] ,

TX
Xc −1 T X
Xa −1
i=0

ej εi (kP +q) T pi,α,` cr,i,α (h T − τi )

α=0

(7)
represents the channel impulse response between the fictitious
transmit antenna ` of the distributed array and the local receive
antenna r of D, and ver,q [k] , ver (k Ts + q T ). Eqs. (6) and (7)
deserve two remarks. First, even if the channels are assumed
to be originally time-invariant over each symbol period, the
residual carrier offset εi causes time variations in the kth
OFDM block, that is, the impulse response in (7) also depends
on both the variables k and q; the Doppler spread of the
effective channel is in the order of the frequency offset among
3 The

phase offset can be simply included in the channel impulse response.
filter is effectively the result of the convolution of the signal at the
receiver with the filter that is matched to the pulse shaping characteristic,
which in reality will be a root-squared raised cosine. Since we assume that the
residual Doppler varies at a very slow pace compared to the effective duration
of the pulse, we can approximately say that the imperfect down-conversion
has no effect over the receive filtering operation and, hence, equivalently
assume that the convolution with the matched root raised cosine filter brings
a combined pulse shape equal to the raised cosine response. Thus, we include
the operation in the definition of the transmit signal.
4 This

5

parallel-to-serial (P/S) conversion
e
Xi [k] = Pi U[k]
7−→
xi,α [n] . (2)

the local oscillators of the cooperative BSs. Second, even if
the channels were to be flat over the kth symbol period, i.e.,
cr,i,α (τ ) = cr,i,α δ(τ ), the time offsets τi cause dispersive
effects and, thus, interblock interference (IBI).
In the following we assume that:
(a1) the combined effect of the channel and relative
delays of the BSs is such that the support in h of
e
cr,` [k, q, h] does not exceed the CP length Mcp , i.e.,
e
cr,` [k, q, h] ≡ 0 for any h 6∈ {0, 1, . . . , Mcp };
(a2) the duration Ts = P T of the OFDM block is such
that |εi | Ts  1.
These assumptions imply that over one OFDM symbol the
channel can be considered approximately a linear time invariant finite impulse response (FIR) filter of order less than or
equal to Mcp , i.e.,
e
cr,` [k, q, h] ≈ e
cr,` [k, h] ,

TX
Xc −1 T X
Xa −1
i=0

pi,α,` cr,i,α [k, h] , (8)

α=0

where cr,i,α [k, h] , ej εi k Ts cr,i,α [h], with cr,i,α [h] ,
cr,i,α (h T − τi ). The processing of the received signal occurs
in blocks (see Fig. 2): first, within the kth OFDM symbol,
e
the samples (6) are collected in the matrix Y[k]
such that
e
{Y[k]}r,q = yer,q [k], for r ∈ {0, 1, . . . , RX − 1} and
q ∈ {0, 1, . . . , P − 1}; second, to suppress IBI, the first
e
Mcp columns are removed from Y[k]
by means of the CP
removal matrix Rcp , (OM ×Mcp , IM )T ∈ RP ×M ; finally,
e Rcp is subject to discrete Fourier
the resulting matrix Y[k]
transform (DFT), thus obtaining the frequency-domain matrix
e Rcp W DFT ∈ CRX×M , with W DFT , W −1 .
Y[k] , Y[k]
IDFT
Under assumptions (a1) and (a2), accounting for (6)–(8) and
partitioning Y[k] as Y[k] = (y0 [k], y1 [k], . . . , yM −1 [k]), we
obtain the per carrier simple vector model
ym [k] = C m [k] P Fm sm [k] + vm [k] ,

(9)

for m
∈
{0, 1, . . . , M − 1}, where C m [k]
,
(C m,0 [k], C m,1 [k], . . . , C m,T Xc −1 [k]) ∈ CRX×T X collects the
DFT samples corresponding to the mth subcarrier of all the
T Xc −1
MIMO channels {C m,i [k]}i=0
from the cooperative BSs
PMcp
2π
to the MS, with {C m,i [k]}r,α = h=0
cr,i,α [k, h] e−j M h m ,
for r ∈ {0, 1, . . . , RX − 1} and α ∈ {0, 1, . . . , T Xa − 1},
the matrix P , (PT0 , PT1 , . . . , PTT Xc −1 )T ∈ CT X×L is the
collection of the random matrices used by all the BSs, and,
finally, the vector vm [k] ∈ CRX denotes the mth column of
e Rcp W DFT , with {V[k]}
e
the noise matrix V[k]
er,q [k],
r,q = v
for r ∈ {0, 1, . . . , RX − 1} and q ∈ {0, 1, . . . , P − 1}.
Since P is chosen at random locally, our coding method
is completely distributed and can be performed without
agreement of the BSs that actually cooperate. In fact, the
MS has to merely estimate the equivalent channel matrix
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E m [k] , C m [k] P ∈ CRX×L to decode sm [k], and this can
be accomplished completely ignoring what the actual channel
parameters or randomization matrices are. Specifically,
estimation of E m [k] can be performed by resorting to
standard training-based identification methods [27]. In this
case, each data transmission is preceded by a training period,
wherein all the cooperating BSs transmit a symbol sequence
known to the MS, by using certain randomization matrices
that will be maintained until a new training phase is initiated.
In the following, we assume that not only P but also C m [k]
is random and, for the moment, we do not make any specific
assumption on their statistical models, assuming only that:
(a3) Hm [k] , E m [k] Fm = C m [k] P Fm ∈ CRX×N
is full-column rank, i.e., rank(Hm [k]) = N , with
probability one.
Since N ≤ min(T X, RX) by construction, the necessary
condition N ≤ RX needed for satisfying assumption (a3)
is met automatically. Moreover, fulfillment of assumption (a3)
necessarily requires that P Fm ∈ CT X×N is full-column rank,
i.e., rank(P Fm ) = N , with probability one.5
Hereinafter, the following additional assumptions are made:
(a4) for any m ∈ {0, 1, . . . , M −1}, sm [k] is a zero-mean
random vector, whose entries are independent and
identically distributed (i.i.d.) Q-QAM equiprobable
symbols having E[|s[n]|2 ] = 1, with sm1 [k1 ] and
sm2 [k2 ] statistically independent of each other for
k1 6= k2 and m1 6= m2 ;
(a5) for any m ∈ {0, 1, . . . , M − 1}, vm [k] ∼
CN (0RX , σv2 IRX ) is statistically independent of
sm [k], with vm1 [k1 ] and vm2 [k2 ] statistically independent of each other for k1 6= k2 and m1 6= m2 .
Under these assumptions, given E m [k], the minimum-errorprobability detection of sm [k] can be based only on ym [k]
(one-shot detection) and, thus, we will omit in the sequel the
OFDM symbol index k. Moreover, symbol detection can be
carried out separately for different subcarriers, i.e., a per frequency tone equalizing scheme can be applied. ML detection
could be performed via, e.g., sphere decoding method [28].
However, it might exhibit a prohibitively large computational
complexity for moderate-to-large values of the multiplexing
rate N . Therefore, we focus attention on linear zero-order
FIR decoding structures, whose input-output relationship can
be expressed as ξ m = Gm ym , with Gm ∈ CN ×RX , which
offer a good tradeoff between performance and complexity.
The decision on the symbols transmitted on the mth subcarrier
is obtained by quantizing each entry of ξ m to the nearest (in
terms of Euclidean distance) Q-QAM symbol. We consider
the popular ZF and MMSE equalization criteria [29]. Under
assumption (a3), the minimum-norm ZF equalizer is given
†
by Gzf
m = Hm and assures perfect symbol recovery in
the absence of noise, i.e., Gzf
m [ym − vm ] = sm . In noisy
environments, the ZF detector perfectly recovers the desired
symbol block at the price of noise enhancement. To better
counteract the noise, one can resort to the MMSE equalizer
5 Inequality

N ≤ min(T X, RX) also implies that N ≤ T X.

H
2
−1
given by Gmmse
= HH
, which,6 under
m
m (Hm Hm +σv IRX )
assumptions (a4) and (a5), minimizes the conditional mean
square error MSEm (Gm ) , E[kξ m − sm k2 | E m ], given E m .

IV. P ERFORMANCE ANALYSIS AND DISCUSSION
In this section, we evaluate the diversity order and coding
gain [26] achieved by the R-MIMO-OFDM coding scheme
with either ZF or MMSE detection. Let γ , 1/σv2 denote the
average SNR per QAM symbol expended by each BS, the
diversity order G d is defined as the slope of the SEP curve
Pm,n (e) versus γ (in dB/dB scale), as γ → +∞, that is,
G d , lim −
γ→+∞

log Pm,n (e)
,
log γ

(10)

where Pm,n (e), which is a function of γ, denotes the SEP at
the output of the minimum distance detector of the nth entry of
c
sm . On the other hand, the coding gain Gm,n
(in dB) measures
the shift at high SNR of the SEP curve Pm,n (e) relative to
d
the benchmark SEP curve γ −G , i.e.,
d

c
Pm,n (e) ≈ (Gm,n
γ)−G ,

for high values of γ .

(11)

Gzf
m

is used at the receiver
If the FIR ZF equalizer
and assumption (a3) holds, the equalizer output becomes
zf
ξ zf
m = sm + Gm vm , i.e., perfect intracarrier interference (ICI)
suppression is achieved. Therefore, by virtue of assumption
zf
(a5) and conditioned on E m , it follows that dzf
m , Gm vm ∼
H
−1
2
CN (0N , σv (Hm Hm ) ). The SEP in the detection of the
nth entry of sm conditioned on E m = C m P is given [30] by
s
!


1
3
zf
zf
Pm,n (e | E m ) ≈ 2 1 − √
SINRm,n ,
erfc
2(Q − 1)
Q
(12)
with n R ∈ {0, 1, . . . , N − 1}, where erfc(x) ,
√
2
+∞
(2/ π) x e−u du is the complementary error function
and, under assumptions (a4) and (a5), the signal-tointerference-plus-noise ratio (SINR) at the output of the ZF
equalizer is
SINRzf
m,n =

1
.
−1 }
σv2 {(HH
H
m)
n,n
m

(13)

In the case of the MMSE receiver, the equalizer output is
ξ mmse
= sm + dmmse
m
m , where, due to the presence of the ICI
term,7 the residual error vector dmmse
, Gmmse
ym − sm is
m
m
non-Gaussian given E m . However, under assumptions (a4)
and (a5) and for large enough dimensions, conditional on
E m , the output disturbance can be well-modeled [31] as
−1
dmmse
∼ CN (0N , σv2 (σv2 IN + HH
). Hence, the SEP
m
m Hm )
in the detection of the nth entry of sm conditioned on E m is
well approximated as follows (see [30])
s
!


3
1
mmse
mmse
erfc
SINRm,n ,
Pm,n (e | E m ) ≈ 2 1 − √
2(Q − 1)
Q
(14)
6 Matrix H HH + σ 2 I
m
m
v RX turns out to be the autocorrelation matrix
H | E ] of the vector y , given E , which can be consistently
E[ym ym
m
m
m
estimated from the received data without any a priori knowledge of which
BS is collaborating.
7 Under assumption (a3), the ICI contribution becomes zero for γ → +∞.
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with n ∈ {0, 1, . . . , N − 1}, where, under assumptions (a4)
and (a5), the SINR at the output of the MMSE equalizer is
1
−1.
(15)
SINRmmse
m,n = 2
2
−1 }
σv {(σv IN + HH
n,n
m Hm )
In order to analyze the performance of the proposed RMIMO-OFDM coding scheme, we have to evaluate the avezf
mmse
rage SEPs Pm,n
(e) and Pm,n
(e), which are defined as the
expected value of (12) and (14), respectively, over the sample
space of the pairs {C m , P}. In a unified perspective, let
Pm,n (e) and Pm,n (e | E m ) denote the average and conditional
SEPs, respectively, of either the ZF equalizer or the MMSE
one, by virtue of the conditional expectation rule [32], one has
h
i
Pm,n (e) , ECm ,P Pm,n (e | E m )
h
i
n
h
io
= EP Pm,n (e | P) , (16)
= EP ECm |P Pm,n (e | E m )
{z
}
|
Pm,n (e | P)

where EP [·] denotes the expectation over P and ECm |P [·] is
the expectation over C m given P.
In the following, we assume that:
(a6) ∀r ∈ {0, 1, . . . , RX − 1}, i ∈ {0, 1, . . . , T Xc − 1}
and α ∈ {0, 1, . . . , T Xa − 1}, the channel impulse
response cr,i,α (τ ) is modeled as a circularly symmetric complex Gaussian process with zero mean and
autocorrelation function E[cr,i,α (τ1 ) c∗r,i,α (τ2 )] =
ρm,i
Mcp +1 δ(τ1 − τ2 ), where cr1 ,i1 ,α1 (τ ) and cr2 ,i2 ,α2 (τ )
are statistically independent of each other for r1 6=
r2 , i1 6= i2 and α1 6= α2 , whereas ρm,i > 0 accounts
for the path loss associated with the ith BS.
The (deterministic) path loss in assumption (a6) is modeled
as ρm,i = Am d−ξ
[33], where Am is a (positive) propagation
i
constant, di is the distance from the MS to the ith BS and ξ is
the path loss exponent which can range from 3 to 6 depending
on the operative environment. Observe that assumption (a6)
states a Rayleigh model for fading, which is widely accepted
for typical cellular environments with a large delay spread of
the power delay profile and a relatively large number of small
reflectors [26], [30]. Moreover, note that the channel model
stated in assumption (a6) does not take into account both
transmit and receive correlation. Such a model is reasonable
in richly scattering environments [26]. On the other hand, if
there are very few or no paths in some angular directions,
while the transmit correlation can still be assumed negligible
since BS antennae and inter-cell spacing are typically quite
large [12], terminal antennae might be correlated. The effects
of receive correlation on the performance of the proposed
R-MIMO-OFDM transceiver are investigated in Section V
through computer simulations.
It follows from assumption (a6) that, for any τi ∈ R, the processes cr,i,α [h] = cr,i,α (h T −τi ), with h ∈ {0, 1, . . . , Mcp }, is
a sequence of mutually independent zero-mean i.i.d. circularly
symmetric complex Gaussian random variables having variρ
ance Mcpm,i
+1 . Since cr,i,α [h] is circularly symmetric complex
Gaussian, then cr,i,α [h] and cr,i,α [k, h] = ej εi k Ts cr,i,α [h]
have the same probability distribution [34], for any εi ∈ R
and k ∈ Z. Thus, matrix C m,i can decomposed as C m,i =

7

√

ρm,i N m,i , where the entries of N m,i ∈ CRX×T Xa are
i.i.d. circularly symmetric complex Gaussian random variables
with zero mean and unit variance, where N m,i1 and N m,i2
are statistically independent of each other for i1 6= i2 .8
Consequently, one has that C m = N m (Ωm ⊗ IT Xa ), with
N m , (N m,0 , N m,1 , . . . , N m,T Xc −1 ) ∈ CRX×T X and
√
√
√
Ωm , diag( ρm,0 , ρm,1 , . . . , ρm,T Xc −1 ) ∈ RT Xc ×T Xc .
A. SEP analysis for a given matrix P
On the basis of (16), the first step of our analysis is to
keep the randomization matrix P fixed and evaluate the SEP
Pm,n (e | P) by averaging (12) and (14) over the matrix C m .
Unfortunately, the probabilities (12) and (14) are nontrivial
functions of the statistics of C m and, thus, to obtain insightful
results, in the following theorem we resort in Appendix A to
an alternative definition of the complementary error function
in order to derive upper bounds on the average SEPs (with
respect to C m ) for a given realization of the randomization
matrix P in both the ZF and MMSE cases:
∈ CRX×(N −1)
Theorem 4.1 (Deterministic P): Let H(−n)
m
denote the matrix Hm deprived of its nth column. Under
zf
assumptions (a3) and (a6), the probability Pm,n
(e | P), which
is the expectation of (12) over C m for a given realization of
P, can be upper bounded as follows:
zf
Pm,n
(e | P) ≤ 2 Θ(RX − N + 1)
−(RX−N +1)


3 γ Σm,n
1
, (17)
· 1− √
2(Q − 1)
Q
R π/2
where Θ(α) , (2/π) 0 (sin2 θ)α dθ, with α ∈ R, whereas
Σm,n , 1/{Z−1
m }n,n > 0, with the deterministic matrix
2
N ×N
H
being nonsinguZm , FH
m P (Ωm ⊗ IT Xa ) P Fm ∈ C
lar as a consequence of assumption (a3).
Under assumptions (a3) and (a6), for moderate-to-high values of the SNR, i.e., when σv2 is much smaller than the largest
mmse
(e | P),
, the probability Pm,n
]H H(−n)
eigenvalue of [H(−n)
m
m
which is the expectation of (14) over C m for a given realization
of P, can be upper bounded as follows
mmse
Pm,n
(e | P) . 2 ψm,n (P) Θ(RX − N + 1)


−(RX−N +1)
1
3 γ Σm,n
· 1− √
, (18)
2(Q − 1)
Q

with



RX
N −1
ψm,n (P) ,
N − 1 Θ(RX − N + 1)
(N −2 RX−i 
X X 1 N − 2 (−1)i2 +N −RX−2 (i2 − 1)!
·
(RX − i1 )!
i1
i1 =0 i2 =1

i +i −RX
2(Q − 1) ρm,max λmax (PH P) 1 2
·Θ(i1 +i2 −N +1)
3N
Σm,n

N
−2 
X
N − 2 Θ(i1 − N + 2)
+ (−1)N −RX−2
i1
(RX − i1 )!
i =0
1

8 In such a case, the squared Frobenius norm of C
m,i is given by
H
E[trace(C H
m,i C m,i )] = E[trace(C m,i C m,i )] = ρm,i T Xa RX.
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Σm,n
3N
·
2(Q − 1) ρm,max λmax (PH P)

RX−i1 −1 )
, (19)

where ρm,max , maxi∈{0,1,...,T Xc −1} ρm,i is the path loss
associated with the BS that is farthest from the MS, whereas
λmax (PH P) > 0 is the largest eigenvalue of PH P ∈ CL×L .
Proof: See Appendix A.
Our simulation results (see Section V) confirm that, for
moderate-to-high values of the SNR, the bounds (17) and
(18) become tight, and can be used to accurately predict the
network performance when the BSs keep the randomization
Xc −1
matrices {Pi }Ti=0
fixed over the transmission of a given
data packet. Two remarks about Theorem 4.1 are in order:
zf
Remark 1: Since Pm,n
(e | P) = O(γ −(RX−N +1) ) and
mmse
−(RX−N +1) 9
Pm,n (e | P) = O(γ
), independently of the
choice of the matrix P, the diversity order of the considered
scheme, with linear (L) equalization at the receiver, is equal
to G d,L = RX − N + 1. It is worth observing that, when
T X > RX, which is a situation of practical relevance, then
N ≤ min(T X, RX) = RX and, consequently, G d,L =
RX − N + 1 ≥ 1. As a benchmark, note that, for a spacefrequency coded broadband MIMO-OFDM systems with ML
detection at the receiver, under our assumptions, the maximum
achievable diversity order is G d,ML = Mcp T X RX [35].
Remark 2: The upper bounds (17) and (18) differ just by
the factor ψm,n (P). In particular, Theorem 4.1 shows that,
at high SNR and for any fixed matrix P ensuring that Zm is
nonsingular, the coding gains of the ZF and MMSE equalizers
are respectively given by
3 Σm,n
c,zf
Gm,n
(P) =
2(Q − 1)
1


− RX−N
+1
1
√
,
· 2 Θ(RX − N + 1) 1 −
Q
(20)
1
− RX−N
+1

c,mmse
c,zf
Gm,n
(P) = Gm,n
(P) [ψm,n (P)]

,

(21)

where Σm,n depends on the choice of the matrix P, the preT Xc −1
coding matrix Fm and the path loss coefficients {ρm,i }i=0
T Xc −1
which are related to the distances {di }i=0
from the MS to
the cooperating BSs.
It is interesting to derive the condition under which the
matrix Zm maximizes the coding gains of the proposed
transceivers, i.e., the SEP is minimized in the high SNR
regime. To this aim, for the sake of brevity, we restrict
ourselves to the ZF equalizer, which assures perfect symbol recovery in the absence of noise. Applying the Cauchy-Schwartz
inequality [38], it is easy to show that {Z−1
m }n,n ≥ {Zm }n,n ,
where the equality holds for any n ∈ {0, 1, . . . , N − 1} if and
only if Zm = µ IN , for some constant µ > 0. Consequently,
the achievable coding gain (20) can be upper bounded as
3
2(Q − 1){Zm }n,n
1


− RX−N
+1
1
· 2 Θ(RX − N + 1) 1 − √
, (22)
Q

c,zf
Gm,n
(P) ≤

9 The

expression O(x) denotes the Landau symbol: for a function f (x) =
O(x), the ratio f (x)/x is bounded, as x → +∞.

BS 31
BS 2

BS 6
D

BS 0
d

dBS 2
d

BS 5
BS 1
BS 4

Fig. 3. Example of a uniform hexagonal topology. The destination D (i.e.,
the MS) is at equal distance d from the three cooperative base stations BS0 ,
BS1 and BS2 .

where the equality holds for any n ∈ {0, 1, . . . , N − 1}
2
H
if and only if FH
m P (Ωm ⊗ IT Xa ) P Fm = µ IN , for
some constant µ > 0. For given matrices Fm and P, it
is also readily seen that {Zm }n,n ≥ ρm,max {Zm }n,n , with
H
N ×N
and ρm,max already defined in
Z m , FH
m P P Fm ∈ C
Theorem 4.1, where equality holds if and only if ρm,i = ρm ,
∀i ∈ {0, 1, . . . , T Xc − 1}. In other words, for given matrices
Fm and P, the maximum coding gain is achieved in the ZF
case when the MS is at equal distance from the cooperating
BSs. For instance, this is the case of Fig. 3, where there are
three active BSs (namely, BS0 , BS1 and BS2 ) and the MS is
at the cell edge positioned at the common vertex of the three
hexagonal cells, which is the worst-case scenario for a noncooperative system. In such a scenario, the path loss coefficient
ρm is given by ρm = Am d−ξ . A case of interest in which
Zm ends up to scaled identity matrix is the centralized MIMOOFDM coding strategy, which requires an a priori agreement
among the BSs involved in the cooperative transmission, as
well as a preliminary identification at the destination of the set
of cooperating BSs. Indeed, for a centralized MIMO-OFDM
√
coding scheme, we have that L = T X and P = T Xc IT X ,10
and, hence, λmax (PH P) = T Xc . Moreover, in the special case
of equal distance of cooperating BSs and the destination, i.e.,
√
Ωm = ρm IT Xc , it follows that Zm = T XNc ρm IN , which
in turn implies that Σm,n = (T Xc ρm )/N for a centralized
MIMO-OFDM coding rule. In such a case, we can infer from
(17)–(19) the following corollary:
Corollary 4.2 (Centralized MIMO-OFDM coding): In the
√
case wherein Ωm = ρm IT Xc , with ρm = Am d−ξ , under
the same hypotheses of Theorem 4.1, the performance of
the centralized scheme for the ZF and MMSE receivers are
respectively given by
zf, central
Pm
(e) ≤ 2 Θ(RX − N + 1)

√
factor T Xc ensures that the total power per carrier transmitted by
the ith BS E[kPi Fm sm k2 ] is equal to one.
10 The
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−(RX−N +1)
3 γ T X c ρm
1
· 1− √
,
2 N (Q − 1)
Q
(23)
mmse, central
Pm
(e) ≤ 2 ψcentral Θ(RX − N + 1)

−(RX−N +1)

3 γ T X c ρm
1
,
· 1− √
2 N (Q − 1)
Q
(24)

with Θ(·) already defined in Theorem 4.1 and


RX
N −1
ψcentral ,
N − 1 Θ(RX − N + 1)
(N −2 RX−i 
X X 1 N − 2 (−1)i2 +N −RX−2 (i2 − 1)!
·
(RX − i1 )!
i1
i1 =0 i2 =1

i1 +i2 −RX
2(Q − 1)
Θ(i1 + i2 − N + 1)
·
3

N
−2 
X
N − 2 Θ(i1 − N + 2)
+ (−1)N −RX−2
i1
(RX − i1 )!
i1 =0

RX−i1 −1 )
3
·
. (25)
2(Q − 1)
Corollary 4.2 shows that, at high SNR, the maximum coding
gains of the centralized scheme in the ZF and MMSE cases
can be respectively expressed as
3 T Xc ρm
c, zf, central
Gm
=
2 N (Q − 1)
1


− RX−N
+1
1
· 2 Θ(RX − N + 1) 1 − √
,
Q
(26)
c, mmse, central
c, zf, central
Gm
= Gm
(ψcentral )
c, zf, central
Gm

1
− RX−N
+1

.

c, mmse, central
Gm

(27)

It can be seen that both
and
increase
linearly as the number of cooperative BSs increases and,
additionally, the performance gain of the MMSE equalizer
over the ZF one is dictated by ψcentral , which depends only
on RX, Q and N . We end this subsection with two remarks:
Remark 3: In a noncooperative cellular system, the MS is
exclusively served by its own BS. Such an approach can be
seen as the trivial case of a centralized cooperative scheme
with only one active BS, i.e., T Xc = 1. Therefore, upper
bounds on the performances of a MIMO-OFDM noncooperative system with linear ZF and MMSE equalization at the
receiver can be obtained from (23) and (24) by simply setting
T Xc = 1, provided that N ≤ min(T Xa , RX).
Remark 4: Let us consider the simple cooperative scheme
where each BS transmits the same spatially-precoded block
Fm sm , without any coordination amongst themselves, which
will be referred to as repetition coding rule. This can be
accomplished by setting in (9) L = T Xa and Pi = IT Xa ,
∀i ∈ {0, 1, . . . , T Xc − 1}. In this case, it is easily seen that
PH P = T Xc IT Xa , which leads to λmax (PH P) = T Xc , and,
√
hence, in the special case of Ωm = ρm IT Xc and provided
that N ≤ min(T Xa , RX), one has Zm = T XNc ρm IN , which
in its turn implies that, exactly as for a centralized MIMOOFDM coding rule, Σm,n = (T Xc ρm )/N . Thus, when

9

T Xa ≥ RX, the simplest decentralized strategy, consisting of transmitting the same block Fm sm from each BS,
exhibits the same maximum coding gains (26) and (27) of
the centralized scheme, under the same number N ≤ RX
of QAM symbols transmitted per subcarrier. However, when
RX > T Xa , such a repetition coding rule does not exploit
the degrees of freedom available in the channel effectively, by
enabling the transmission of only N ≤ T Xa QAM symbols
per subcarrier, whereas the centralized scheme can reliably
transmit up to RX QAM symbols per subcarrier, provided
that T X = T Xa · T Xc ≥ RX.
B. SEP analysis with complex Gaussian matrix P
At this point, according to (16), we are in the position
of providing an upper bound on the average performance of
our R-MIMO-OFDM coding rule, by averaging (17) and (18)
with respect to the randomization matrix P. The obtained
results are representative of the receiver average performance
Xc −1
when the BSs change the randomization matrices {Pi }Ti=0
several times over the transmission, so that each data packet
experiences a large number of realizations of P. To complete
the analysis, we assume that:
(a7) ∀i ∈ {0, 1, . . . , T Xc − 1}, the entries of Pi ∈
CT Xa ×L are i.i.d. circularly symmetric complex
Gaussian random variables with zero mean and variance 1/T Xa , where Pi1 and Pi2 are statistically
independent of each other for i1 6= i2 .
Such an assumption implies that rank(Pi ) = min{T Xa , L}
with probability one and, accounting also for assumption
(a4), the total power per carrier transmitted by the ith BS
is fixed to one, i.e., E[kPi Fm sm k2 ] = 1. Note that the
complex Gaussian randomization is used only for the sake
of mathematical tractability and other choices are possible, as
discussed in Section V. Moreover, to keep the analysis reasonably simple, we focus attention on the special case of nearly
equal distance between the cooperating BSs and the MS, i.e.,
√
Ωm = ρm IT Xc , with ρm = Am d−ξ . Notwithstanding
its simplicity, this model captures the essential features of a
multicell cooperative downlink and it allows us to gain insight
into the network performance. Capitalizing on Theorem 4.1,
the following theorem provides an upper bound on the average
(with respect to both C m and P) SEPs at the output of the
linear ZF and MMSE equalizers:
Theorem 4.3 (Complex Gaussian randomization): Assume
√
that T X > RX and Ωm = ρm IT Xc , with ρm = Am d−ξ .
2
At high SNR, i.e., as σv → 0, under assumptions (a3), (a6)
zf
and (a7), the probability Pm,n
(e), which is the expectation
zf
of Pm,n (e | P) over the randomization matrix P, depends
neither on the symbol index n nor on the subcarrier index m
and can be upper bounded as


1
zf
zf
Pm,n (e) = P (e) . 2 Θ(RX − N + 1) 1 − √
Q

−(RX−N +1)
Γ(T X − RX)
3 γ ρm
·
, (28)
Γ(T X − N + 1) 2 N T Xa (Q − 1)
Θ(·) already defined in Theorem 4.1 and Γ(α) ,
Rwith
+∞ α−1
t
exp(−t) dt defining the gamma function (α > 0).
0
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Under assumptions (a3), (a6) and (a7), and for sufficiently
mmse
large values of T X with L/T X 6= 0, the probability Pm,n
(e),
mmse
which is the expectation of Pm,n (e | P) over the randomization matrix P, depends neither on the symbol index n nor on
the subcarrier index m and can be upper bounded as follows


1
mmse
Pm,n
(e) = P mmse (e) . 2 ψ Θ(RX − N + 1) 1 − √
Q

−(RX−N +1)
3 γ ρm
Γ(T X − RX)
, (29)
·
Γ(T X − N + 1) 2 N T Xa (Q − 1)
with


RX
(N − 1)
ψ,
N − 1 Γ(T X − RX) Θ(RX − N + 1)
(N −2 RX−i 
X X 1 N − 2 (−1)i2 +N −RX−2 (i2 − 1)!
·
i1
(RX − i1 )!
i1 =0 i2 =1

i1 +i2 −RX
2(Q − 1)
Θ(i1 + i2 − N + 1)
·
3N
!2(i1 +i2 −RX)
r
L
· 1+
Γ(T X − i1 − i2 )
TX
· (N T X)i1 +i2 −RX + (−1)N −RX−2


RX−i1 −1

N
−2
X
N − 2 Θ(i1 − N + 2)
3N
·
i1
(RX − i1 )!
2(Q − 1)
i1 =0

!2(i1 −RX+1)
r

L
· 1+
Γ(T X − i1 − 1) (N T X)i1 −RX+1 .

TX

coverage expansion provided by the R-MIMO-OFDM scheme
compared to the traditional noncooperative scenario.

C. Discussion
First, it is interesting to compare (31) and (32) with their
centralized counterparts (26) and (27), respectively. To this
aim, let us consider in particular the ZF case. By comparing
(31) and (26), we can infer that the coding gain for the
randomized scheme with linear ZF receiver turns out to be
equal to the coding gain of its centralized counterpart scaled
by the factor

zf

θ ,

c, zf
Gm
c, zf, central
Gm

1
=
TX



Γ(T X − RX)
Γ(T X − N + 1)

1
− RX−N
+1

,

(33)
where, when T X > RX, one has N ≤ RX. It is useful to
specialize (33) for the particular case where N = RX, for
which the diversity order is equal to G d,L = 1. In such a case,
the scaling factor (33) assumes the simpler form
θzf = 1 −

RX
,
TX

(34)

which shows that θzf < 1, i.e., as expected, the centralized scheme exhibits better performance compared with the
randomized coding rule. However, we can infer from (34)
(30) that, when the linear ZF equalizer is used at the receiver,
the coding gain of the proposed R-MIMO-OFDM coding rule
Proof: See Appendix B.
approaches that of the centralized scheme as RX/T X → 0.
Observe that, since T X is equal to the product of the
In particular, if the number of local transmit antennae T Xa
number T Xa of local antennae at each BS and the number
and the number of local receive antennae RX are fixed, the
T Xc of cooperative BSs, assumption T X > RX is very likely
randomized scheme performs comparably to the centralized
satisfied in practice. Moreover, inequalities (28) and (29) can
one as the number T Xc of cooperative BSs increases. As
be further explained by observing that Γ(n) = (n − 1)!, for
shown by simulation results in Section V, similar conclusions
any positive integer n. Remarkably, eqs. (28) and (29) render
also hold for the MMSE equalizer.
explicit the effect of the randomization on the coding gain; the
Let us now examine the coverage expansion provided by
coding gains of the R-MIMO-OFDM scheme in the ZF and
the
cooperative R-MIMO-OFDM approach compared to the
MMSE cases are respectively given by
traditional noncooperative scenario with single-cell signaling,
3 ρm
c, zf
where each MS can exclusively communicate with its own
Gm
=
[2 Θ(RX − N + 1)
2 N T Xa (Q − 1)
BS. Cell coverage is defined as the maximum distance at
1

− RX−N

+1
which the MS can be located from the serving BS while still
1
Γ(T X − RX)
· 1− √
, (31) maintaining a certain quality of service (QoS). To measure the
Q Γ(T X − N + 1)
1
QoS of the MS, we resort to the average SEP Pm,n (e) defined
− RX−N
c, mmse
+1 .
Gm
= Gc, zf ψ
(32)
in (16) and we say that the MS can reliably communicate
Remark 5: The upper bounds (28) and (29), as well as the with its own BS if Pm,n (e) ≤ SEPm,target , where SEPm,target
coding gains (31) and (32), are proportionally related by means is a predetermined average SEP threshold regarding the mth
of the factor ψ, which only depends on the system parameters subcarrier. Therefore, the cell coverage is the distance of the
T X, RX, L, N and Q and, thus, it is easily computable. MS from its own BS where the average SEP Pm,n (e) equals
Specifically, the performance gain of the MMSE equalizer over the maximum allowable value SEPm,target . For the proposed
cooperative scheme with complex Gaussian randomization, the
the ZF in terms of coding gain is determined by ψ.
The results of Theorems 4.1 and 4.3 lead to a direct and cell coverage can be approximated analytically by resorting
fruitful comparison between the randomized coding rule and to the upper bounds (28) and (29), where we remember that
its centralized counterpart, which is the subject of Subsec- T X > RX and ρm = Am d−ξ . Specifically, considering ZF
tion IV-C. More importantly, they allow us to estimate the cell equalization [eq. (28)], the cell coverage Dcell, zf of the R-
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MIMO-OFDM transceiver is the value of d satisfying


Γ(T X − RX)
1
2 Θ(RX − N + 1) 1 − √
Q Γ(T X − N + 1)
−(RX−N +1)

3 γ Am d−ξ
= SEPm,target , (35)
·
2 N T Xa (Q − 1)
whose solution is given by

2 N T Xa (Q − 1)
Dcell, zf =
[2 Θ(RX − N + 1)
3 γ Am
)− ξ1
1


 RX−N
+1
Γ(T X − RX)
1
1
.
· 1− √
Q Γ(T X − N + 1) SEPm,target
(36)
In order to approximate analytically the cell coverage for the
noncooperative system, we recall that such an approach can be
seen as a special case of a centralized cooperative scheme with
only one active BS (see Remark 3). Hence, the cell coverage
in the noncooperative scenario can be obtained from the upper
bounds (23) and (24) by setting T Xc = 1. In the specific case
of ZF equalization [see (23)], the cell coverage Dcell, zf, nocoop
is the value of d satisfying


1
2 Θ(RX − N + 1) 1 − √
Q


−ξ −(RX−N +1)
3 γ Am d
·
= SEPm,target , (37)
2 N (Q − 1)
whose solution can be expressed as

2 N (Q − 1)
Dcell, zf, nocoop =
[2 Θ(RX − N + 1)
3 γ Am
)− ξ1
1


 RX−N
+1
1
1
. (38)
· 1− √
Q SEPm,target
To quantify the improvement in cell coverage with linear ZF
equalization, we define the coverage expansion (CE) coefficient as follows
Dcell, zf − Dcell, zf, nocoop
· 100% ,
(39)
Dcell, zf, nocoop
which, accounting for (36) and (38), takes the form
"

#− ξ1
1

 RX−N


+1
Γ(T
X
−
RX)
CEzf =
T Xa
−1


Γ(T X − N + 1)
CEzf ,

· 100% . (40)
Assuming that T Xa ≥ RX and T Xc > 1, it is again
interesting to specialize (40) when N = RX. In such a case,
the coverage expansion is simply given by
"
#
1/ξ
RX
CEzf =
T Xc −
− 1 · 100% ,
(41)
T Xa
which depends only on the number T Xc of cooperative BSs,
on the ratio RX/T Xa between the number of transmit and
receive local antennae, and on the path loss exponent ξ. For
instance, let us consider the case of Fig. 3, where there are

11

T Xc = 3 cooperative BSs, and set ξ = 3. If the number
of receive antennae is equal to the number of local transit
antennae, i.e., RX/T Xa = 1, the proposed R-MIMO-OFDM
ZF-based transceiver with complex Gaussian randomization is
able to assure a coverage expansion of about 26%. If each
BS employs a number of antennae that is twice the number
of receive antennae, i.e., RX/T Xa = 1/2, the coverage
expansion becomes about 36%. In the limiting case when
RX/T Xa  T Xc , the proposed cooperative PHY layer
assures a cell coverage of little more than 44%, with respect
to a traditional noncooperative cellular system. The coverage
analysis we just completed can be similarly developed for the
MMSE receiver as well.
V. N UMERICAL RESULTS
The Monte Carlo simulations presented in this section are
aimed at showing the performance of the R-MIMO-OFDM
coding technique proposed in Section III and, at the same
time, are useful for validating and extending the performance
analysis carried out in Section IV.
In all the examples, the number of subcarriers in the OFDM
air interface is M = 64 with QPSK signaling, i.e., Q = 4, and
the CP length is Mcp = 16. All the channels are generated
according to assumptions (a1), (a2) and, unless otherwise
specified, (a6), with Am = 1.35 · 107 and ξ = 3 [33]. For
the triplet (T Xa , RX, N ) of transmit antennae T Xa , receive
antennae RX and the multiplexing rate N , we considered the
(1, 2, 2) and (4, 2, 2) system configurations. Observe that, in
all the cases, the diversity order of a MIMO-OFDM transceiver
with linear equalization is G d,L = RX − N + 1 = 1. We
refer to the scenario depicted in Fig. 3, wherein the three base
stations BS0 , BS1 and BS2 cooperate to serve D, which
is at equal distance d = 250 meters from the cooperating
BSs. Besides numerically evaluating the performance of the
R-MIMO-OFDM scheme in the case of complex Gaussian
randomization, where P is built as in assumption (a7), we
consider four additional randomized coding schemes:
1) Uniform phase randomization: ∀i ∈ {0, 1, . . . , T Xc −1},
the entries of the ith randomization matrix Pi ∈ CT Xa ×L
are i.i.d. random variables, with the (α + 1, ` + 1)th element
j ϑα,`
generated as {Pi }α,` = e√T X , for α ∈ {0, 1, . . . , T Xa − 1}
a
and ` ∈ {0, 1, . . . , L − 1}, where ϑα,` is uniformly distributed
in the interval (0, 2π), and Pi1 and Pi2 are statistically
independent
of each other for i1 6= i2 . The normalization by
√
1/ T Xa ensures that the total power per carrier transmitted
by the ith BS is E[kPi Fm sm k2 ] = 1.
2) Haar randomization: ∀i ∈ {0, 1, . . . , T Xc − 1}, the ith
matrix Pi ∈ CT Xa ×L is a Haar-distributed unitary random
matrix [36], with Pi1 and Pi2 statistically independent of
each other for i1 6= i2 . Specifically, let Θi ∈ CT Xa ×L
(with L > T Xa in our simulation setting) be a random
matrix whose entries are i.i.d. circularly symmetric complex
Gaussian random variables with zero mean and unit variance, which is full-row rank, i.e., rank(Θi ) = T Xa , with
−1/2
probability one, we get Pi = √1i (Θi ΘH
Θi , with
i )
H
H
H −1
i , trace[Fm Θi (Θi Θi ) Θi Fm ]. The normalization by
√
1/ i assures that E[kPi Fm sm k2 ] = 1.

12
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3) Delay randomization: it is a modified version of the
scheme proposed in [22] for single-antenna single-carrier ad
hoc networks, where the cooperating BSs introduce intentional
transmission delays, by randomly selecting the delays from
a pool. For i ∈ {0, 1, . . . , T Xc − 1}, such a scheme can
be recasted in the signal model (9) by setting L = T Xa ,
Pi = IT Xa and by decomposing the delay τi in (5) as
τi = τi,1 +τi,2 , where τi,1 accounts for the unintentional transmission and propagation delays, whereas τi,2 is the intentional
delay introduced by the ith BS.11 We assume that τi,2 = ∆i T ,
with ∆0 , ∆1 , . . . , ∆T Xc −1 being numbers chosen randomly
and independently from {0, 1, . . . , ∆max }, where ∆max must
be chosen such that assumption (a1) is fulfilled. Note that,
based on the aforementioned decomposition of τi , after CP
removal and DFT, the RX × T Xa frequency-domain channel
2π
matrix of the ith BS assumes the form e−j M ∆i m C m,i , with
C m,i generated in accordance with assumption (a6). We set
∆max = 4 and,12 assuming N ≤ min{T Xa , RX}, the channelindependent precoding matrix Fm ∈ CT Xa ×N is obtained in
this case by picking up the first N columns of a (T Xa )point IDFT matrix which is properly normalized such that
trace(FH
m Fm ) = 1.
4) Antenna selection: instead of transmitting via its T Xa
local antennae a random linear combination of the data streams
T Xa −1
{e
u` [n]}L−1
`=0 with random coefficients {pi,α,` }α=0 , each BS
chooses randomly and independently to transmit over T Xa out
of the L virtual antennae. Assume that L/T Xa is an integer
number χ and, moreover, let `0 , `1 , . . . , `T Xc −1 be numbers
chosen randomly and independently from {0, 1, . . . , χ − 1},
random antenna selection is accomplished by setting

Pi =

√

`i

z
}|
{
χ [OT Xa ×T Xa , . . . , OT Xa ×T Xa , IT Xa ,

OT Xa ×T Xa , . . . , OT Xa ×T Xa ] ∈ RT Xa ×L , (42)
√
for i ∈ {0, 1, . . . , T Xc − 1}, the factor χ ensures that
E[kPi Fm sm k2 ] = 1. Note that, differently from the previous
randomization rules, the matrix P is drawn from a discrete
distribution.
For all the coding schemes using L as encoding parameter, the channel-independent precoding matrix Fm ∈ CL×N
is obtained by picking up the first N columns of a Lpoint IDFT matrix, which is properly normalized such that
trace(FH
m Fm ) = 1. Irrespective of the antenna arrangements,
each BS employs L = 28 sought antennae for the proposed
randomized coding rule.13 Moreover, we additionally report
the performance of the centralized MIMO-OFDM scheme,
11 If τ
i,2 = 0 for each BS, the delay randomization scheme boils down to
the repetition coding rule (see Remark 5).
12 The value of ∆
max is limited to be no larger than the difference between
the CP length and the allowed channel order. For highly time-dispersive
channels, such a difference cannot expand excessively, since it could lead
to a significant reduction of the transmission data rate.
13 As shown by our analysis, the performance of the proposed R-MIMOOFDM scheme with complex Gaussian randomization does not critically
depend on the choice of L, provided that L ≥ N . Numerical results not
reported here show that such a property also holds for the other randomization
rules relying on continuous distributions (uniform phase, Haar and delay
randomizations). On the contrary, as intuitively expected, for a fixed T Xa ,
the performance of the antenna selection method degrades as L increases.

√
for which L = T X, P = T Xc IT X and the channelindependent precoding matrix Fm ∈ CT X×N is obtained by
picking up the first N columns of a T X-point IDFT matrix,
which is properly normalized such that trace(FH
m Fm ) = 1;
we also report the performance of the noncooperative system,
for which L = T Xa , T Xc = 1, P = P0 = IT Xa and
the channel-independent precoding matrix Fm ∈ CT Xa ×N
is obtained by picking up the first N columns of a (T Xa )point IDFT matrix, which is properly normalized such that
trace(FH
m Fm ) = 1. With reference to the R-MIMO-OFDM
coding rule with Gaussian randomization and the centralized
MIMO-OFDM scheme, we compare the simulation results
with their corresponding analytical upper bounds given in
Theorem 4.3 and Corollary 4.2, respectively.
As performance measure, we resort to the ABER at the output of the minimum distance detector on the generic subcarrier
m which, if a Gray code is used to map the information bits
into QPSK symbols and the
is sufficiently high, can be
PSNR
N −1
1
P
defined as ABERm , 2N
m,n (e), where Pm,n (e) is
n=0
the SEP in the detection of the nth entry of symbol vector sm
transmitted on subcarrier m. In each example, we carry out
106 independent Monte Carlo runs, with each run employing
a different set of channel and randomization matrices.
A. ABER versus SNR
Figs. 4, 5, 6 and 7 report the ABER as a function of γ for
both the ZF and MMSE cases, with reference to the (1, 2, 2)
and (4, 2, 2) configurations. For the centralized scheme and the
Gaussian randomization, there is a good agreement between
simulation and analytical results for moderate-to-high values
of the SNR, thus demonstrating the tightness in the high
SNR regime of the upper bounds given in Corollary 4.2
and Theorem 4.3. Remarkably, the upper bounds (23) and
(28) derived for the ZF receivers almost perfectly match the
corresponding simulated ABER curves.
Looking in detail at Figs. 4 and 5, we point out that, in the
(1, 2, 2) scenario where the number of local transmit antennae
is smaller than the number of receive antennae, the performance of the noncooperative system and delay randomization
are not reported since such approaches cannot reliably transmit
two QAM symbols per subcarrier: indeed, when T Xa = 1
and RX = 2, both methods can reliably transmit at least one
QAM symbol per subcarrier, since N ≤ min{T Xa , RX} =
T Xa = 1. On the contrary, R-MIMO-OFDM transceivers do
not suffer of this limitation. In fact, it can be observed from
Figs. 4 and 5 that, except for the antenna selection method, all
the randomization rules exhibit satisfactory performance, by
paying an acceptable price in term of coding gain compared
to the centralized scheme. In particular, it is worth noting
that the Haar randomization outperforms both the uniform
phase and Gaussian randomization schemes, which in turn
perform comparably. We underline that the centralized scheme
requires a priori coordination among the cooperating BSs
and, moreover, identification at the MS of the cooperating
BSs. On the contrary, such coordination and identification are
unnecessary for all the proposed randomized coding rules.
Figs. 6 and 7 refer to the (4, 2, 2) system configuration.
In such a figure, we also report the performance of the
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ZF equalization: ABER versus γ for the scenario (1, 2, 2).
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ZF equalization: ABER versus γ for the scenario (4, 2, 2).
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noncooperative system and delay randomization since, where
the number of local transmit antennae is greater than the
number of receive antennae, these schemes can be employed
to transmit two QAM symbols per subcarrier, indeed, N ≤
min{T Xa , RX} = RX = 2. From our performance analysis
[see the discussion in Subsection IV-C and, in particular,
eq. (34) for the ZF case], when RX/T X approaches zero, the
coding gain performance of Gaussian randomization becomes
close to that of the centralized scheme. As we can see, this
statement is supported by the results in Figs. 6 and 7, which
show that, when the number of transmit antennae increases
from one to four, i.e., the ratio RX/T X decreases, the curves
of Gaussian, uniform phase and Haar randomization rules
closely approach that of the centralized scheme, thereby assuring a significant performance advantage with respect to the
noncooperative system. Additionally, we observe that, in this
scenario, delay randomization works very well, by slightly outperforming at high SNR all the other randomization rules and
exhibiting essentially the same performance of the centralized
scheme. This result is not surprising since delay randomization
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Fig. 7.

MMSE equalization: ABER versus γ for the scenario (4, 2, 2).

can be seen as a repetition coding rule (see Remark 4), which
additionally takes advantage of the further diversity obtained
by artificially delaying at each BS the transmitted signals. As
pointed out in Remark 4, without introducing delay diversity,
the simple repetition strategy can achieve the same worstcase performance of the centralized scheme under the same
number N of QAM symbols transmitted per subcarrier, when
T Xa ≥ RX. However, it is noteworthy that, similarly to
the repetition coding rule, when RX > T Xa , this scheme
can reliably transmit a smaller number of QAM symbols
per subcarrier, compared to the centralized scheme and the
randomization approaches. Furthermore, the price to pay for
introducing random delays at the transmitter and, at the same
time, obtaining perfect IBI cancellation after the CP removal at
the receiver is the inevitable increase in the CP length, which
leads to an inherent reduction of the transmission data rate.
In truth, the delay randomization can be also employed in the
centralized scheme, as well as it can be used in conjunction
with other forms of randomization, e.g., Gaussian, uniform
phase or Haar randomization, such that to further improve the
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ZF equalization: ABER versus % for the scenario (4, 2, 2).

performance of the corresponding transceivers.
B. ABER versus degree of fading correlation at the receiver
In this example, we refer to the same simulation setting
described in Subsection V-A, by considering in particular the
(4, 2, 2) system configuration. However, differently from the
previous example where the channels are generated according
to assumption (a6), the matrix C m,i is herein modeled as


√
1 %
C m,i = ρm,i R1/2 N m,i , where R =
(43)
% 1
is the nonsingular correlation matrix at the MS, with the degree
of receive correlation measured by 0 ≤ % < 1.14
It can be argued from Figs. 8 and 9 that receive correlation
does not affect the relative performances of the considered
randomized MIMO-OFDM coding rule, by substantially corroborating the curve arrangement of Figs. 8 and 9 obtained in
the case of independent path gains between different antenna
pairs. Moreover, the performances of all the methods under
comparison gracefully degrade as % increases.
VI. C ONCLUSIONS
We proposed a novel technology for the PHY layer design
of a cooperative downlink multicell network, which is based on
the idea that the cooperating BSs transmit an independent random linear transformation of the same MIMO-OFDM symbol.
Specifically, we developed a detailed mathematical model of
the PHY layer employing randomized MIMO-OFDM coding
at the transmitter and low-complexity linear ZF and MMSE
equalization at the receiver. Our design accounts for various
impairments of the wireless channel and is relatively simple
since not only it does not require CSI at each BS, but it
also lets the MS reliably demodulate the desired packet by
completely ignoring both the number and the identities of the
cooperating BSs. Moreover, we investigated the diversity and
14 Also in this case, the squared Frobenius norm of C
m,i is given by
H
E[trace(C H
m,i C m,i )] = E[trace(C m,i C m,i )] = ρm,i T Xa RX.

ρ

Fig. 9.

MMSE equalization: ABER versus % for the scenario (4, 2, 2).

coding gain achievable for the proposed transceiver, by deriving analytical upper bounds on the SEP when the randomization matrices are either fixed during the transmission of a given
packet or randomly varying in accordance with a complex
Gaussian distribution. Such results allowed us to gain insight
on the performance gain provided by cooperation in terms of
coverage expansion, even assuming a very simple transceiver
architecture. Finally, besides considering the Gaussian model,
we verified through Monte Carlo simulations the effectiveness
of our PHY layer proposal for other different statistical models
of the randomization matrices.
A PPENDIX A
P ROOF OF T HEOREM 4.1
Let SINRm,n denote the output SINR of either the ZF
equalizer
 or theMMSE one and, for notational simplicity, set
3
b , 2 1 − √1Q and u , 2(Q−1)
. After a change of variables
from rectangular to polar coordinates in the integral defining
the complementary error function, one readily has
Pm,n (e | P) = ECm |P [Pm,n (e | E m )] =



Z
2 b π/2
u
=
ECm |P exp − 2 SINRm,n dθ
π 0
sin θ


Z π/2
2b
u
=
ΦSINRm,n − 2
dθ , (44)
π 0
sin θ
where ΦSINRm,n (s) , ECm |P [exp (s SINRm,n )] is the moment
generating function (MGF) of the random variable SINRm,n ,
conditional on P.
A. Preliminaries
Before considering the ZF and MMSE cases separately, it is
useful to introduce some notations. Let H(−n)
∈ CRX×(N −1)
m
denote the matrix Hm deprived of its nth column hm,n .
Under assumption (a3), one has rank[H(−n)
] = N − 1
m
with probability one. Hence, the economic-size singular value
H
decomposition H(−n)
= Wm,n Dm,n Vm,n
holds, where the
m
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semi-unitary matrix Wm,n ∈ CRX×(N −1) and the unitary
matrix Vm,n ∈ C(N −1)×(N −1) collect the left and right singular vectors, respectively, associated with the nonzero singular
values dm,n,0 , dm,n,1 , . . . , dm,n,N −2 of H(−n)
, and Dm,n ,
m
diag(dm,n,0 , dm,n,1 , . . . , dm,n,N −2 ) ∈ R(N −1)×(N −1) . Define
2
H
the Hermitian matrix Zm , FH
m P (Ωm ⊗ IT Xa ) P Fm ∈
N ×N
C
, which, under assumption (a3), is positive definite with
(−n,−n)
probability one. We denote with Zm
∈ C(N −1)×(N −1)
the matrix Zm deprived of its nth column and nth row,
(−n)
whereas zm
∈ CN −1 represents the nth column zm ∈
N
C of Zm with its nth entry removed. It is seen that
(−n,−n)
(−n)
(−n)
Zm
= [Fm ]H PH (Ω2m ⊗ IT Xa ) P Fm , where
(−n)
L×(N −1)
Fm
∈ C
denotes the matrix Fm deprived of its
nth column. We also define the eigenvalue decomposition of
(−n,−n)
(−n,−n)
Zm
as Zm
= Lm,n Λm,n LH
m,n , where Lm,n ∈
(N −1)×(N −1)
C
is the unitary matrix of the eigenvectors and
Λm,n ∈ R(N −1)×(N −1) is the diagonal matrix of the eigenvalues. Under assumption (a6), the rows of Hm are i.i.d. with
each row ∼ CN (0N , Zm ); consequently, the rows of H(−n)
m
(−n,−n)
).
are i.i.d. with each row ∼ CN (0N −1 , Zm

B. ZF equalization
Let us start from the ZF case, for which SINRm,n =
SINRzf
m,n is given by (13). Following [37], it can be shown
H
2
that SINRzf
m,n = γ kam,n k , with am,n , O m,n hm,n ∈
RX−N +1
RX×(RX−N +1)
C
, where O m,n ∈ C
is the orH
O m,n =
thogonal complement of Wm,n , i.e., Wm,n
O(N −1)×(RX−N +1) and (Wm,n , O m,n )H (Wm,n , O m,n ) =
IRX . Under assumption (a6), conditional on P, it results
[37] that am,n ∼ CN (0RX−N +1 , Σm,n IRX−N +1 ), where
2
Σm,n , 1/{Z−1
m }n,n > 0. Consequently, one has kam,n k ∼
gamma(RX − N + 1, Σm,n ), conditional on P. In its turn,
given P, it follows that SINRzf
m,n ∼ gamma(RX − N +
1, γ Σm,n ), and, thus, by remembering the expression of the
MGF for a Gamma random variable [32], one obtains

15

and Tm,n are independent, one obtains




u
u
zf
ΦSINRmmse
−
=
Φ
−
SINRm,n
m,n
sin2 θ
sin2 θ


u
· ΦTm,n − 2
≤ (sin2 θ)RX−N +1
sin θ


u
−(RX−N +1)
, (46)
· (u γ Σm,n )
ΦTm,n − 2
sin θ
where we have used (45) and ΦTm,n (s)
,
ECm |P [exp (s Tm,n )] is MGF of the random variable Tm,n ,
conditional on P, whose evaluation is more challenging than
that of ΦSINRzfm,n (s). Therefore, to obtain useful results, we
provide an upper bound on ΦTm,n (−u/ sin2 θ). To this aim,
by writing Tm,n as a function of the entries of β m,n and
the diagonal entries of Dm,n , application of the conditional
expectation rule [32] yields (47) at the top of the next page.
where EH(−n) |P [·] denotes the expectation over H(−n)
with
m
m
P fixed, and ECm |P,H(−n) [·] is the expectation over C m given
m

(−n)
both P and H(−n)
. Conditional on P and Hm
, the diagonal
m
entries of Dm,n are deterministic quantities, whereas [37]
(−n,−n) −1 (−n)
H
) zm }i , Σm,n ).
βm,n,i ∼ CN (dm,n,i {Vm,n
(Zm
Consequently, the random variable |βm,n,i |2 has
a noncentral chi-square distribution [32] with two
degrees of freedom and noncentrality parameter
(−n,−n) −1

H
d2m,n,i {Vm,n
(Zm

"
ECm |P,H(−n)
m

)

(−n)

zm

uγ
|βm,n,i |2
exp − 2 ·
sin θ 1 + γ d2m,n,i
1
=
u γ Σm,n
1 + sin2 θ (1+γ d2 )

u
sin2 θ


=

2
 dm,n,i
· exp −

(−n,−n) −1
H
)
(Zm
{Vm,n

Σm,n +

1
1+

u γ Σm,n
sin2 θ

RX−N +1

≤ (sin2 θ)RX−N +1 (u γ Σm,n )−(RX−N +1) . (45)
Substituting (45) in (44) and remembering the expressions of
b and u, eq. (17) easily follows.

(−n)

zm

sin2 θ (1+γ d2m,n,i )
uγ


2
}i 


1
1+

u γ Σm,n
sin2 θ (1+γ d2m,n,i )

, (48)

where we have observed that exp(−a x) ≤ 1, for any x ≥ 0
and a > 0. For moderate-to-high values of the SNR, i.e., when
σv2  maxi∈{0,1,...,N −2} d2m,n,i , one has γ d2m,n,i  1 and
(48) becomes15
!#
"
uγ
|βm,n,i |2
ECm |P,H(−n) exp − 2 ·
m
sin θ 1 + γ d2m,n,i

C. MMSE equalization
Let us now consider the more cumbersome
MMSE case, for which SINRm,n
=
SINRmmse
m,n
is given by (15). Following again [37], one has
H
zf
2
−1
SINRmmse
β m,n ,
m,n = SINRm,n + γ β m,n (IN −1 + γ Dm,n )
where β m,n
,
(βm,n,0 , βm,n,1 , . . . , βm,n,N −2 )T
=
H
Wm,n
hm,n
∈
CN −1 . If assumption (a6) holds,
SINRzf
∼ gamma(RX − N + 1, γ Σm,n ), given
m,n
P, and is independent of the random variable
2
−1
Tm,n , γ β H
β m,n . Since SINRzf
m,n (IN −1 + γ Dm,n )
m,n

!#

m,n,i



≤

ΦSINRzfm,n −

2

}i . Hence,

.

d2m,n,i
d2m,n,i +

u Σm,n
sin2 θ

, (49)

which can be substituted in (47), thus yielding (50) as
shown at the top of the next page (remember that H(−n)
=
m
−1/2
H
Wm,n Dm,n Vm,n
). where Km,n , H(−n)
L
Λ
m,n m,n ∈
m
RX×(N −1)
C
and we have used the determinant properties.16
15 Note

that d2m,n,0 , d2m,n,1 , . . . , d2m,n,N −2 are the nonzero eigenvalues
(−n)

(−n)

of the Hermitian matrix (Hm )H Hm .
16 Given A ∈ Cn×n , B ∈ Cn×n and s ∈ C, then det(A B) =
det(A) det(B) and det(s A) = sn det(A) [38].
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ΦTm,n −

u
sin2 θ


ΦTm,n

"

(


= EH(−n) |P
m

u
− 2
sin θ

ECm |P,H(−n)
m


. EH(−n) |P

!#)
N −2
u γ X |βm,n,i |2
exp − 2
sin θ i=0 1 + γ d2m,n,i
(N −2
"
!#)
Y
uγ
|βm,n,i |2
· EH(−n) |P
ECm |P,H(−n) exp − 2 ·
, (47)
m
m
sin θ 1 + γ d2m,n,i
i=0

(N −2
Y

m

i=0

)

d2m,n,i
d2m,n,i +

u Σm,n
sin2 θ

= EH(−n) |P
m







det(D2m,n )


 det D2 +
m,n

u Σm,n
sin2 θ


IN −1 





(−n)

H
H
det[Vm,n
(H(−n)
)
H
V
]
m,n
m
m
h
n
i
o
= EH(−n) |P
m
uΣ
(−n) H
 det VH
) H(−n)
+ sinm,n
Vm,n 
2 θ IN −1
m
m,n (Hm




det[(H(−n)
)H H(−n)
]
m
m
h
i
= EH(−n) |P
m

 det (H(−n) )H H(−n) + u Σm,n I
m
m
sin2 θ N −1


H
1/2


H
]
det[Lm,n Λ1/2
K
K
Λ
L
m,n m,n m,n
m,n
m,n
i
h
= EH(−n) |P
m
u Σm,n
1/2
H
1/2

 det L
H
m,n Λm,n Km,n Km,n Λm,n Lm,n + sin2 θ IN −1




det(KH
m,n Km,n )
h
i ,
= EKm,n |P
u Σm,n
 det KH K
+
Λ−1 
m,n

m,n

Observe that the entries of Km,n are i.i.d. circularly symmetric
complex Gaussian random variables with zero mean and unit
variance. To further upper bound ΦTm,n (−u/ sin2 θ), we use
the lemma:
Lemma A.1: The determinant of the matrix KH
m,n Km,n +
u Σm,n
−1
Λm,n can be lower bounded as follows
sin2 θ


u Σm,n −1
H
det Km,n Km,n +
Λm,n
sin2 θ


N u Σm,n
−1
H
≥ det KH
K
+
λ
(P
P)
I
m,n
N −1 ,
m,n
max
ρm,max sin2 θ
(51)
where ρm,max , maxi∈{0,1,...,T Xc −1} ρm,i is the path loss
associated with the BS that is farthest from the MS, and
λmax (PH P) > 0 is the largest eigenvalue of the Hermitian
matrix PH P ∈ CL×L .
Proof: Let λ0 (A) ≤ λ1 (A) ≤ · · · ≤ λn−1 (A) denote the
eigenvalues of any matrix A ∈ Cn×n , arranged in increasing
order. By virtue of the Weyl’s inequality [38], one has


u Σm,n −1
H
Λm,n ≥ λi (KH
λi Km,n Km,n +
m,n Km,n )
sin2 θ


u Σm,n −1
+ λ0
Λm,n , (52)
sin2 θ
for i ∈ {0, 1, . . . , N − 2}, where it is easily seen that


u Σm,n −1
u Σm,n −1
λ0
Λm,n =
λ
[Z(−n,−n)
].
m
2
sin θ
sin2 θ N −2

(53)

sin2

θ

(50)

m,n

(−n,−n)

=
Furthermore,
remembering
that
Zm
(−n)
(−n)
and observing that,
[Fm ]H PH (Ω2m ⊗ IT Xa ) P Fm
for arbitrary matrices A ∈ Cn×m and B ∈ Cm×n ,
the nonzero characteristic roots of A B are the nonzero
characteristic roots of B A [38], we get
λN −2 [Z(−n,−n)
] = λN −2 {(Ωm ⊗ IT Xa ) P F(−n)
m
m
· [F(−n)
]H PH (Ωm ⊗ IT Xa )}
m
(−n) H
≤ ρm,max λN −2 [P F(−n)
{Fm
] PH }
m

= ρm,max λN −2 {[F(−n)
]H PH P F(−n)
}
m
m
ρm,max
H
λN −2 (P P) ,
(54)
≤
N
where the first inequality comes from the Ostrowski’s theorem [38], whereas the second inequality follows [38] by
(−n)
(−n)
noticing that [Fm ]H Fm
= N1 IN −1 . Observe that,
as a consequence of assumption (a3), the eigenvalues of
(−n)
(−n)
and, thus, those of PH P, are strictly
[Fm ]H PH P Fm
positive with probability one. Substituting (54) in (53) and
the result back in (52), one obtains


u Σm,n −1
λi KH
K
+
Λ
m,n
m,n
m,n
sin2 θ
N u Σm,n
≥ λi (KH
λ−1 (PH P)
m,n Km,n ) +
ρm,max sin2 θ N −2


N u Σm,n
H
−1
H
= λi Km,n Km,n +
λ
(P P) IN −1 ,
ρm,max sin2 θ N −2
(55)
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for i ∈ {0, 1, . . . , N − 2}. Consequently, inequality (51)
follows by observing that


u Σm,n −1
Λ
det KH
K
+
m,n
m,n
m,n
sin2 θ


N
−2
Y
u Σm,n −1
H
=
λi Km,n Km,n +
Λm,n
sin2 θ
i=0


N
−2
Y
N u Σm,n
−1
H
λ
≥
(P
P)
I
λi KH
K
+
N −1
m,n
m,n
ρm,max sin2 θ N −2
i=0


N u Σm,n
H
−1
H
= det Km,n Km,n +
λ
(P P) IN −1 .
ρm,max sin2 θ N −2
(56)
At this point, substituting (51) in (50) and using again the
determinant properties, we get

ΦTm,n

u
− 2
sin θ


(

.ζ

N −1

EKm,n |P

det(IN −1 + ζ KH
m,n Km,n )
ρ

λ

, (57)

(PH P) sin2 θ

where we have set ζ , m,max Nmaxu Σm,n
. For moderateto-high values of the SNR, the expectation in (57) can be
well-approximated as (see [39])
(
EKm,n |P

)

det(KH
m,n Km,n )

A. ZF equalization
Let us start from the ZF case, by considering the upper
bound in (17). By averaging both hands of (17) with respect
to P, we get
 zf

zf
Pm,n
(e) = EP Pm,n
(e | P)
b Θ(RX − N + 1)
EP
≤
(u γ)RX−N +1

Σm,n

, (60)

N T Xa
ρm

T X−N +1

 T X−N +2
1
fY (y) =
Γ(T X − N + 1)
y


N T Xa 1
· exp −
, for 0 < y < +∞ , (61)
ρm y
R +∞
where Γ(α) , 0 tα−1 exp(−t) dt defines the gamma
function (α > 0). Function (61) is the inverse gamma pdf [32].
Using (61), after some straightforward manipulations, one has

I

"

}|
{
tN −2 exp(−t)
dt . (58)
(1 + ζ t)RX+1

EP

After lengthy calculations, the integral I in (58) can be
evaluated in closed form as follows

=



RX
(N − 1)
N −1

z
Z
0

+∞

1

RX−N +1 #

Σm,n
RX−N +1

N T Xa
ρm

N
−2 RX−i
X
X1
i1 =0 i2 =1



N −2
i1



(−1)i2 +N −RX−2 (i2 − 1)!
(RX − i1 )!

· ζ i1 +i2 −RX−N +1 + (−1)N −RX−2
·

exp (1/ζ) E1 (1/ζ)
ζ N −1

N
−2 
X
i1 =0

+∞

Z

y RX−N +1 fY (y) dy

=
0

Z

Γ(T X − N + 1)

0

|
I=

RX−N +1 #

1

det(IN −1 + ζ KH
m,n Km,n )


≈

"

where Σm,n = 1/{Z−1
m }n,n and, in the case of Ωm =
√
H
ρm IT Xc , one has Zm = ρm FH
m P P Fm . Under assumption (a7), the rows of the matrix P Fm are i.i.d. with each
row ∼ CN (0N , N T1 Xa IN ). Therefore, using the results of
[37], it can be proven that Σm,n ∼ gamma(T X − N +
1, ρm /(N T Xa )). Consequently, the probability density function (pdf) of the random variable Y = 1/Σm,n is given by


)

det(KH
m,n Km,n )
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+∞

tT X−RX−1 exp(−t) dt (62)
{z
}
J

Since T X > RX, the integral J in (62) is finite and is equal
to J = Γ(T X − RX). The upper bound (28) follows by
substituting (62) in (60) and accounting for the expressions of
b and u.


N −2
1
. (59)
i1
ζ RX−i1 (RX − i1 )!

R +∞
where E1 (x) = x exp(−t)
dt defines the exponential
t
integral function [40]. The upper bound (18) directly follows
from (59), (58), (57) and (46), by substituting the expressions
of b, u and ζ, and, additionally, using the fact [40] that
E1 (x) < exp(−x) ln(1 + x1 ) ≤ x1 exp(−x), for x > 0.
A PPENDIX B
P ROOF OF T HEOREM 4.3

As done in Appendix A, we set b , 2 1 −
3
2(Q−1) for notational convenience.

√1
Q



and u ,

B. MMSE equalization
Let us focus attention on the MMSE case, by considering
the upper bound in (18) and (19). Since ρm,max = ρm when
√
Ωm = ρm IT Xc , by averaging both hands of (18) with
respect to P, after some algebraic rearrangements, we have
 mmse
 b Θ(RX − N + 1)
mmse
Pm,n
(e) = EP Pm,n
(e | P) .
(u γ)RX−N +1


ψm,n (P)
· EP
, (63)
(Σm,n )RX−N +1
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where
 


RX
N −1
ψm,n (P)
=
EP
N − 1 Θ(RX − N + 1)
(Σm,n )RX−N +1


−2 RX−i
NX
X 1 N − 2 (−1)i2 +N −RX−2 (i2 − 1)!
·
i1 +i2 −RX


i1
Nu
i1 =0 i2 =1
(RX − i1 )!
ρm

·Θ(i1 + i2 − N + 1)

i1 +i2 −N +1 #
1
i1 +i2 −RX
H
·EP λmax
(P P)
Σm,n
N
−2
X N − 2 
+(−1)N −RX−2
i1
i1 =0
RX−i1 −1

Θ(i1 − N + 2)
Nu
·
ρm
(RX − i1 )!
"

i1 −N +2 #)
1
i1 −RX+1
H
·EP λmax
(P P)
. (64)
Σm,n
"

Evaluations of the two expectations in (64) are complicated by the fact that Σm,n = 1/{Z−1
m }n,n , with Zm =
H
H
P
P
F
,
also
depends
on
λ
ρm FH
m
max (P P). Therefore,
m
to obtain simple and useful approximations, we resort to the
following lemma:
Lemma B.1: Under assumption (a7), for T X → +∞,
the largest eigenvalue of the (central) complex Wishart ma√
trix PH P converges almost surely to T Xc (1 + η)2 , with
(L/T X) → η 6= 0.
Proof: This lemma is the complex counterpart of the
result given in [41].
Lemma B.1 states that λmax (PH P) converges almost surely
to a limiting nonrandom constant. Hence, for sufficiently large
values of T X with L/T X > 0, we can approximatively write
"
EP

1 +i2 −RX
λimax
(PH P)



Σm,n



r

≈ T Xc

i1 +i2 −N +1 #

1

1+

L
TX
"

· EP

!2 i1 +i2 −RX

i1 +i2 −N +1 #

1

Σm,n

, (65)

where expectation in (65) can be calculated by using the
inverse gamma pdf (61), thus yielding
"
EP

i1 +i2 −N +1 #

1

+∞

=

Σm,n

y i1 +i2 −RX fY (y) dy

0


=

Z

N T Xa
ρm

i1 +i2 −N +1

Γ(T X − N + 1)

Γ(T X − i1 − i2 ) , (66)

with T X − i1 − i2 > 0, for i1 ∈ {0, 1, . . . , N − 2} and i2 ∈
{1, 2, . . . , RX − i1 }, since T X > RX. Similarly, the second

expectation in (64) can be approximatively upper bounded as
"
i1 −N +2 #

1
1 −RX+1
EP λimax
(PH P)
Σm,n

!2 i1 −RX+1
r
L

. T Xc 1 +
TX
"
i1 −N +2 #
1
, (67)
· EP
Σm,n
where, using again (61), the expectation in (67) assumes the
expression
"
i1 −N +2 # Z +∞
1
EP
y i1 −N +2 fY (y) dy
=
Σm,n
0
i1 −N +2

=

N T Xa
ρm

Γ(T X − N + 1)

Γ(T X − i1 − 1) , (68)

with T X − i1 − 1 > 0, for i1 ∈ {0, 1, . . . , N − 2}, since
T X ≥ N . The upper bound (29) comes from substituting
(66) and (68) in (65) and (67), respectively, and the results
back in (64) together with the expressions of b and u.
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