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Abstract—This paper proposes a blind channel shortening
algorithm for uplink reception of a single-carrier interleaved
frequency-division multiple-access (SC-IFDMA) system transmit-
ting over a highly-dispersive channel, which is affected by both
timing offsets (TOs) and frequency offsets (CFOs). When the
length of the cyclic prefix (CP) is insufficient to compensate for
channel dispersion and TOs, a common strategy is to shorten
the channel by means of time-domain equalization, in order to
restore CP properties and ease signal reception. The proposed
receiver exhibits a three-stage structure: the first stage performs
blind shortening of all the user channel impulse responses
(CIRs), by adopting the minimum mean-output energy criterion,
without requiring neither a priori knowledge of the CIRs to
be shortened, nor preliminary compensation of the CFOs; the
second stage performs joint compensation of the CFOs; finally,
to alleviate noise amplification effects, possibly arising from CFO
compensation, the third stage implements per-user signal-to-noise
ratio (SNR) maximization, without requiring knowledge of the
shortened CIRs. A theoretical analysis is carried out to assess the
effectiveness of the proposed shortening algorithm in the high-
SNR regime; moreover, the performances of the overall receiver
are validated and compared with those of existing methods by
extensive Monte Carlo computer simulations.

Index Terms—Carrier frequency offset (CFO), channel
shortening, minimum-mean-output-energy (MMOE) criterion,
multiple access interference (MAI), single-carrier interleaved
frequency-division multiple-access (SC-IFDMA), timing offset
(TO).

I. INTRODUCTION

AMONG multiple-access schemes for next-generation
broadband wireless systems, orthogonal frequency-

division multiple-access (OFDMA) [1]–[3] is receiving a
significant attention, due to its many appealing features, such
as high spectral efficiency and low complexity of transceiver
equipments. One of the major drawbacks of OFDMA is due
to the large fluctuations of the transmitted signal envelope
[4], which dictates the use of expensive linear amplifiers in
the uplink, as well as significant power back-off at the user
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transmitters, thus resulting in both undesirable additional costs
and waste of battery power. To overcome this drawback, the
single-carrier interleaved frequency-division multiple-access
(SC-IFDMA) [5] scheme has been recently proposed, which
can be interpreted as a precoded version of OFDMA, where
the user data blocks are first subject to the Discrete Fourier
Transform (DFT), and then assigned to a set of subcarriers that
are uniformly chosen over the total available band, so-called
interleaved carrier assignment scheme (CAS). SC-IFDMA
exhibits lower values of the uplink peak-to-average power
ratio, while preserving most of the benefits of OFDMA.

Similarly to OFDMA [6], the performance of the SC-
IFDMA uplink is sensitive to time offsets (TOs) and carrier
frequency offsets (CFOs) between the user transmitters and the
receiver. The combined effects of TOs and CFOs result in both
interblock interference (IBI) and loss of orthogonality among
subcarriers, which, in turn, generate intercarrier interference
(ICI) and multiple access interference (MAI) at the receiver. To
overcome this problem, synchronization/compensation tech-
niques originally devised for the OFDMA uplink (see [6] for a
survey) can be modified and applied to the SC-IFDMA uplink;
moreover, a CFO estimation/compensation scheme targeted for
SC-IFDMA systems has been proposed in [7].

Since joint estimation of synchronization parameters for
all the users in the OFDMA/SC-IFDMA uplink is a chal-
lenging task, it is commonly assumed that each user tries to
adapt its transmission, either by exploiting feedback from the
base station (BS) or relying on synchronization information
acquired in downlink, such that the signals arrive at the
BS with only (possibly small) residual TOs and CFOs. For
this reason, many papers (e.g., [7]–[10]) assume a timing
quasi-synchronous (QS) scenario, wherein the cyclic prefix
(CP) can still compensate for the combined effects of the
multipath channel dispersion and the residual TO for each
user; under this assumption, fine timing synchronization at the
BS is avoided and, thus, the task of the receiver reduces to
estimating and compensating for the residual CFOs. However,
fulfillment of the QS assumption might be impractical for
systems operating over highly-dispersive multipath channels:
in this case, joint timing and frequency synchronization at the
BS is needed, which becomes a formidable task in the case
of interleaved CAS, since the users cannot be separated in
advance by simple bandpass filtering, as in subband CAS [6].

In this paper, we consider the uplink of SC-IFDMA systems
affected by both TOs and CFOs, operating over a highly-
dispersive channel for which the QS assumption is violated,
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i.e., the CP is not long enough to compensate for channel
dispersion plus the residual user TOs.

To the best of our knowledge, such a challenging scenario
has not been tackled yet in the technical literature. Our design
employs a time-domain equalizer (TEQ) at the BS, working
as a channel shortener, whose task is to partially equalize the
extended (i.e., including also the TOs) channels in order to
restore the QS condition. Several non-blind [11]–[17] as well
as blind [18]–[24] channel-shortening algorithms have been
proposed for single-input single-output OFDM systems, some
of which have also been extended [25]–[30] to the multiple-
input multiple-output case. Non-blind techniques require a
priori knowledge of the channel impulse responses (CIRs) to
be shortened, which can be estimated via the transmission of
long training sequences. Blind approaches are more appealing,
since no explicit channel estimation procedure is involved. It
is worth noting that all the aforementioned techniques were
developed for single-user OFDM systems and, except for [20],
perfect frequency synchronization is assumed. Recently, a
blind multiuser channel shortening method has been proposed
[31] for the uplink of an OFDMA system, which can be
applied also to SC-IFDMA with minor modifications. The syn-
thesis of the channel shortener in [31] is carried out at the BS
separately for each user, on the basis of a frequency-domain
cost function and, hence, a fine frequency synchronization
step is preliminarily required. The proposed multiuser channel
shortener relies instead on the constrained minimum-mean-
output-energy (MMOE) [24], [30] criterion and performs joint
channel shortening of the user channels in the time-domain,
through a single linear transformation of the received data.
Compared to the method of [31], our approach is fully blind,
since neither knowledge of the CIRs to be shortened, nor
preliminary estimation of the TOs and CFOs, are required.

The paper is organized as follows. Section II introduces
the model for the SC-IFDMA uplink in the presence of
both TOs and CFOs. In Section III, the proposed receiver
is described, its channel-shortening capabilities in the high-
SNR regime are analyzed, and its computational complexity
is briefly discussed. Monte Carlo computer simulation results,
aimed at assessing the shortening capabilities and the bit-error-
rate (BER) performance of the proposed receiver, are presented
in Section IV, whereas concluding remarks are drawn in
Section V.

A. Notations

The fields of complex, real, and integer numbers are denoted
with C, R, and Z, respectively; matrices [vectors] are denoted
with upper [lower] case boldface letters (e.g., A or a); the field
of m×n complex [real] matrices is denoted as Cm×n [Rm×n],
with Cm [Rm] used as a shorthand for Cm×1 [Rm×1]; {A}i,j
indicates the (i + 1, j + 1)th element of matrix A ∈ Cm×n,
with i ∈ {0, 1, . . . ,m − 1} and j ∈ {0, 1, . . . , n − 1};
the superscripts ∗, T , H , −1, and † denote the conjugate,
the transpose, the conjugate transpose, the inverse, and the
Moore-Penrose generalized inverse of a matrix, respectively;
the symbol ? stands for (linear) convolution and ⊗ denotes
Kronecker product of matrices; δ(n) is the discrete-time unit

impulse, i.e., δ(n) = 1 for n = 0 and zero otherwise, ΠP (n) is
the discrete-time rectangular window, i.e., ΠP (n) = 1 for n ∈
{0, 1, . . . , P − 1} and zero otherwise; 0m ∈ Rm, 1m ∈ Rm,
Om×n ∈ Rm×n, and Im ∈ Rm×m denote the null vector, the
vector whose entries are all equal to one, the null matrix, and
the identity matrix, respectively; for any a ∈ Cn, ‖a‖ denotes
the Euclidean norm; rank(A), N (A), R(A), and R⊥(A)
denote the rank, the null space, the range (column space), and
the orthogonal complement of the column space of A ∈ Cm×n
in Cm[Rm]; given A0,A1, . . .An−1 ∈ Cm×m, the matrix
A = diag(A0,A1, . . .An−1) ∈ Cnm×nm is block diagonal
with ith main diagonal block Ai, for i ∈ {0, 1, . . . , n − 1};
repN [f(n)] ,

∑+∞
k=−∞ f(n− kN) denotes the replication of

period N of f(n); bxc is the largest integer not greater than x;
j ,
√
−1 is the imaginary unit and the operator E[ · ] denotes

ensemble averaging.

II. THE UPLINK SC-IFDMA SYSTEM MODEL

Let us consider the uplink of a SC-IFDMA system with
K ≤ Km active users, each employing a single-antenna
transceiver, transmitting to a common BS equipped with Nr
antennas. The system employs a total of M subcarriers,
divided in Km disjoint sets, each consisting of Mu ,M/Km
subcarriers. In SC-IFDMA, the subcarriers are uniformly as-
signed (interleaved CAS) over the whole signal band, i.e., let
ik,0 < ik,1 < · · · < ik,Mu−1 denote the subcarriers assigned
to user k ∈ {1, 2, . . .K}, one has

ik,` = `Km + φk , for ` ∈ {0, 1, . . . ,Mu − 1} (1)

where φk ∈ {0, 1, . . . ,Km − 1} denotes the index of the first
subcarrier allocated to the kth user.

Let sk(n) , [sk,0(n), sk,1(n), . . . , sk,Mu−1(n)]T ∈ CMu

denote the nth (n ∈ Z) data block of the kth user: hereinafter,
we assume that sk(n) is a zero-mean vector having covariance
matrix E[sk(n) sHk (n)] = σ2

s IMu , with sk1(n1) statistically
independent of sk2(n2) for k1 6= k2 and n1 6= n2. The
vector sk(n) is first converted into the frequency domain
through DFT, thus obtaining s̃k(n) , Wdft sk(n) ∈ CMu ,
where Wdft ∈ CMu×Mu denotes the Mu-point normalized DFT
matrix, whose elements are {Wdft}`1,`2 = M

−1/2
u e−j

2π
Mu

`1`2 ,
for `1, `2 ∈ {0, 1, . . . ,Mu − 1}. The resulting block s̃k(n)
is then subject to SC-IFDMA subcarrier mapping, followed
by M -point IDFT and insertion of a CP of length Lcp. Let
P , M + Lcp, the obtained time-domain block can be
expressed as

uk(n) , [uk,0(n), uk,1(n), . . . , uk,P−1(n)]T

= Tcp Wk s̃k(n) ∈ CP (2)

where Tcp , [ITcp, IM ]T ∈ RP×M takes into account CP
insertion, with Icp ∈ RLcp×M collecting the last Lcp rows
of IM , whereas Wk ∈ CM×Mu denotes a submatrix of
the M -point normalized IDFT matrix, whose elements are
{Wk}`1,`2 = M−1/2ej

2π
M `1ik,`2 , for `1 ∈ {0, 1, . . . ,M − 1}

and `2 ∈ {0, 1, . . . ,Mu−1}. Vector uk(n) undergoes parallel-
to-serial conversion, and the resulting sequence uk(`) (` ∈ Z),
defined by uk(nP + p) = uk,p(n) for p ∈ {0, 1, . . . , P − 1},
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feeds a digital-to-analog (D/A) converter operating at rate
1/Tc = P/T , where T denotes the symbol length.

Under the assumption that in-phase/quadrature-phase (I/Q)
imbalance [32] in the frequency upconversion (at the trans-
mitters) and frequency downconversion (at the receiver) is
negligibly small,1 the baseband received signal at the αth BS
antenna (α ∈ {1, 2, . . . , Nr}) can be written as

rα(t) =

K∑
k=1

ej2π∆fkt [uk(t−∆τk) ? hk,α(t)] + wα(t) (3)

where uk(t) =
∑+∞
`=−∞ uk(`) δ(t−` Tc) is the baseband signal

of the kth user before the transmitting filter, hk,α(t) is the
composite CIR (encompassing the cascade of the transmitting
filter, multipath channel, and receiving filter) between the
kth user transmitter and the αth BS antenna receiver, ∆fk
and ∆τk denote the residual CFO and TO of the kth user,
respectively, and wα(t) takes into account thermal noise.

We assume hereinafter that hk,α(t) spans Lk sampling
periods, i.e., hk,α(t) ≡ 0 for t 6∈ [0, Lk Tc]. Moreover, by as-
suming that each user tries to adjust its uplink synchronization
parameters, the residual TO is either much smaller than Lk or,
in the worst case, reduces to the two-way propagation delay [6]
between the kth user and the BS, whereas the residual CFO is
limited to one-half of the subcarrier spacing ∆f0 = 1/(MTc),
i.e., |∆fk| < ∆f0/2. It is convenient to express each TO as
∆τk = θk Tc + ξk, where θk > 0 and ξk ∈ [0, Tc) are the
integer and fractional components of ∆τk with respect to Tc,
respectively, and define the normalized CFO εk , ∆fk/∆f0,
such that |εk| < 1/2.

At each antenna, the signal (3) is sampled at rate Nc/Tc,
with Nc ≥ 1 denoting the oversampling factor. Accounting for
(3), the qth sample of the signal received at the αth antenna
in the time interval [mTc,mTc + Tc) is given by

r(q)
α (m) , rα

(
mTc + q

Tc
Nc

)
=

K∑
k=1

ej
2π
M εkm

Lk+θk∑
`=0

h
(q)
k,α(`− θk)uk(m− `) + w(q)

α (m)

(4)

with m ∈ Z and q ∈ {0, 1, . . . , Nc − 1}, where

h
(q)
k,α(`) , ej

2π
M Nc

εkq hk,α(` Tc + q Tc/Nc − ξk)

w(q)
α (m) , wα(mTc + q Tc/Nc) .

Let Q , Nr Nc, a compact single-input multiple-output model
can be obtained by collecting the Nc data vectors resulting
from oversampling over all the Nr receiving antennas into the
Q-dimensional complex vector

r(m) , [{r(0)(m)}T , {r(1)(m)}T , . . . , {r(Nc−1)(m)}T ]T

1Negligible I/Q distortion can be obtained [33] by employing traditional
superheterodyne architectures to convert the baseband signal to a radio
frequency signal and vice versa.

with r(q)(m) , [r
(q)
1 (m), r

(q)
2 (m), . . . , r

(q)
Nr

(m)]T ∈ CNr , for
q ∈ {0, 1, . . . , Nc − 1}, thus obtaining

r(m) =

K∑
k=1

ej
2π
M εkm

Lk+θk∑
`=0

hk(`)uk(m− `) + w(m) (5)

where

hk(`) , [{h(0)
k (`)}T , {h(1)

k (`)}T , . . . , {h(Nc−1)
k (`)}T ]T

w(m) , [{w(0)(m)}T , {w(1)(m)}T , . . . , {w(Nc−1)(m)}T ]T

are Q-dimensional complex vectors, with

h
(q)
k (`) , [h

(q)
k,1(`− θk), h

(q)
k,2(`− θk), . . . , h

(q)
k,Nr

(`− θk)]T

w(q)(m) , [w
(q)
1 (m), w

(q)
2 (m), . . . , w

(q)
Nr

(m)]T

for q ∈ {0, 1, . . . , Nc − 1}, are Nr-dimensional complex vec-
tors. In the sequel, we assume that w(m) is a zero-mean vector
having covariance matrix E[w(m) wH(m)] = σ2

w IQ, which is
statistically independent of uk(m), for each k ∈ {1, 2, . . .K},
and with w(m1) uncorrelated with w(m2) for m1 6= m2. It
is noteworthy that (5) describes a perfectly time-synchronized
SC-IFDMA uplink, wherein the order of the kth channel is
extended from Lk to Lk + θk.

III. THE PROPOSED BLIND MULTIUSER CHANNEL
SHORTENING RECEIVER

Let Lmax , maxk∈{1,2,...,K} {Lk + θk}, when Lmax > Lcp
the effects of channel dispersion and TOs cannot be completely
eliminated by CP removal, which, coupled with the presence
of CFOs, introduces a severe performance degradation, due
to the simultaneous presence of IBI, ICI, and MAI. To
overcome this drawback, we propose to incorporate in the
receiver a multiuser TEQ, aimed at shortening the overall
CIRs (encompassing also the TOs), thus enabling effective
IBI suppression through CP removal. Such a choice will sim-
plify the subsequent CFO estimation/compensation algorithm,
which operates on IBI-free data and suppresses ICI and MAI
by restoring subcarrier orthogonality.

A. Blind multiuser MMOE channel shortening

The proposed Le-order finite-impulse response (FIR) TEQ
operates on Le + 1 consecutive samples of r(m) given by (5),
gathered in vector

r(m) , [rT (m), rT (m− 1), . . . , rT (m− Le)]
T ∈ CQ (Le+1)

which can be expressed, taking into account (5), as

r(m) =

K∑
k=1

ej
2π
M εkm Σk Hk uk(m) + w(m) (6)

where

Σk , IQ ⊗ diag(1, e−j
2π
M εk , . . . , e−j

2π
M εkLe)

uk(m) , [uk(m), uk(m− 1), . . . , uk(m− Lg)]T

w(m) , [wT (m),wT (m− 1), . . . ,wT (m− Le)]
T

and the block Toeplitz channel matrix Hk ∈ CQ(Le+1)×(Lg+1)

is shown at the top of the next page, with Lg , Le + Lmax.
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Hk ,


hk(0) hk(1) . . . hk(Lmax) 0Q . . . 0Q

0Q hk(0) hk(1) . . . hk(Lmax)
. . . 0Q

...
. . . . . . . . . . . . . . . 0Q

0Q . . .
. . . hk(0) hk(1) . . . hk(Lmax)

 (7)

Since the synthesis of the MMOE TEQ depends on second-
order statistics of r(m), it is interesting to investigate the
properties of its covariance matrix

Rrr(m) , E[r(m) rH(m)] ∈ CQ(Le+1)×Q(Le+1) .

It is shown in Appendix A that Rrr(m) is periodically time-
varying (PTV) in m with period P , but turns out to be time-
invariant [i.e., Rrr(m) ≡ Rrr] for the interleaved CAS given
by (1), provided that Lg < Mu: such an assumption, which
simplifies our design, limits the number of users to a maximum
of K < M/Lg . The resulting TEQ turns out to be time-
invariant,2 and its output is given by y(m) = fH r(m), where
f ∈ CQ (Le+1) is the TEQ weight vector. Accounting for (6)
and defining v(m) , fHw(m), one has

y(m) =

K∑
k=1

ej
2π
M εkm gHk uk(m) + v(m) (8)

where gk , HH
k ΣH

k f ∈ CLg+1 is the combined Lg-order FIR
channel-TEQ response of the kth user.

Perfect channel shortening amounts to design the TEQ such
that the shortened CIRs of all users are FIR channels of order
Leff ≤ Lcp (Leff being a design parameter), i.e., their supports
belong to the desired window {0, 1, . . . , Leff}, which assures
perfect IBI cancellation after CP removal. To elaborate, let
us decompose (8) as the sum of a desired and undesired
component: by partitioning

uk(m) = [uk,win(m)T ,uk,wall(m)T ]T

gk = [gTk,win,g
T
k,wall]

T (9)

with uk,win(m) ∈ CLeff+1, uk,wall(m) ∈ CLg−Leff , gk,win ∈
CLeff+1, and gk,wall ∈ CLg−Leff denoting as in [11] the
signal/channel components at the TEQ output that are inside
and outside the desired window, respectively, the TEQ output
(8) can be rewritten as y(m) = ywin(m) + ywall(m), with

ywin(m) =

K∑
k=1

ej
2π
M εkm gHk,win uk,win(m) (10)

ywall(m) =

K∑
k=1

ej
2π
M εkm gHk,wall uk,wall(m) + v(m) . (11)

We refer to (11) as the undesired contribution since it contains,
besides noise, the IBI component outside the desired window,
which cannot be suppressed by CP removal. A simple design

2When Lg ≥Mu, or for other CASs, such as, e.g., subband CAS [6], the
channel shortener turns out to be a PTV filter [35], [36] of period P , whose
implementation complexity might be burdensome for large values of P .

criterion would be to constrain gk,wall = 0Lg−Leff , which
results in the perfect channel shortening condition:

gk = HH
k ΣH

k f = [gTk,win,0
T
Lg−Leff

]T ∀k ∈ {1, 2, . . . ,K} .
(12)

Eq. (12) can be directly solved for f (zero-forcing approach),
which would require knowledge of Hk (i.e., of the CIRs
to be shortened) and Σk (i.e., of the CFOs) and, hence,
cannot be implemented blindly. The proposed MMOE ap-
proach, instead, forces (12) to be satisfied in a blind manner,
by generalizing to the SC-IFDMA scenario the designs of
[23], [24], [30], originally proposed for a single-user and
perfectly-synchronized (∆τk = ∆fk = 0) OFDM systems.
In particular, the vector f is chosen so as to minimize the
mean output-energy MOE(f) , E[|y(m)|2] = fH Rrr f at
the TEQ output, with suitable constraints aimed at preserving
the desired component (10), which amounts3 to minimizing
E[|ywall(m)|2].

To set the blind constraints, let Hk = [Hk,win,Hk,wall], with

Hk,win , [hk,0,hk,1, . . . ,hk,Leff ] ∈ CQ(Le+1)×(Leff+1)

Hk,wall , [hk,Leff+1,hk,Leff+2, . . . ,hk,Lg ] ∈ CQ(Le+1)×(Lg−Leff)

and observe that gk,win and gk,wall in (10), (11)
can be expressed as gHk,win = fH Σk Hk,win and
gHk,wall = fH Σk Hk,wall, respectively. Provided that
Leff ∈ {0, 1, . . . ,min(Le, Lmax)}, it can be shown [30] that
the (δ+1)th column hk,δ of Hk,win, with δ ∈ {0, 1, . . . , Leff},
can be parameterized as hk,δ = Θδ ξk,δ , where

Θδ = [IQ(δ+1),O
T
Q(Le−δ)×Q(δ+1)]

T ∈ RQ(Le+1)×Q(δ+1)

is a known full-column rank matrix, which does not depend
on k and satisfies ΘT

δ Θδ = IQ(δ+1), whereas

ξk,δ = [hTk (δ),hTk (δ − 1), . . . ,hTk (0)]T ∈ CQ(δ+1)

collects samples of the kth CIR to be shortened. Consequently,
the (δ + 1)th column of Σk Hk can be parameterized as
Σk hk,δ = Σk Θδ ξk,δ = Θδ Σk,δ ξk,δ , where

Σk,δ , IQ ⊗ diag(1, e−j
2π
M εk , . . . , e−j

2π
M εkδ) .

Moreover, since the recursive relation Θδ−1 = Θδ Jδ , with
Jδ , [IQδ,O

T
Q×Qδ]

T ∈ CQ(δ+1)×Qδ , holds for every value of
δ ∈ {1, 2, . . . , Leff}, gHk,win can be rewritten as

gHk,win = fH ΘLeff [JLeff · · ·J1 Σk,0 ξk,0,

JLeff · · ·J2 Σk,1 ξk,1, . . . ,Σk,Leff ξk,Leff
]

3To prevent signal cancellation effects [37] in MMOE optimization, it is
crucial that Rukuk , E[u(m)uH(m)] be nonsingular: in Appendix A, it
is shown that, provided that Lg < Mu, one has Rukuk = σ2

s ILe+1 for
interleaved CAS, which is trivially nonsingular.
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which shows that the desired term (10) can be preserved by
imposing the constraint fH ΘLeff = γH , with γ ∈ CQ(Leff+1)

a nonzero vector. The blind constrained minimization of
MOE(f) can thus be written as

fmmoe = arg min
f

{
fH Rrr f

}
subject to fH ΘLeff = γH

(13)
where, since ΘLeff is a known deterministic matrix, the con-
straint does not require knowledge of the CIRs to be short-
ened, nor preliminary estimation/compensation of the CFOs.
Loosely speaking, left multiplication of the block Toeplitz
channel matrix Hk by the block diagonal matrix Σk, which
depends on the CFOs, does not prevent blind parameterization
of the columns of Hk, which is hence exploited to preserve the
user signals within the desired window while minimizing the
mean output-energy. Solution of (13) can be expressed [24] in
factored form as fmmoe = Fmmoe γ, with

Fmmoe = R−1
rr ΘLeff

(
ΘT
Leff

R−1
rr ΘLeff

)−1

∈ CQ(Le+1)×Q(Leff+1).

(14)
Note that Fmmoe does not depend on the user index k, and
its synthesis needs only knowledge of Rrr, which can be
consistently estimated from the received data either in batch
mode or adaptively [24].

As regards the asymptotic (i.e., when the noise is vanish-
ingly small) channel shortening capabilities of the proposed
method, we state the following theorem:

Theorem 1: Let Π ∈ RQ(Le+1)×Q(Le−Leff) obey
ΠT ΘLeff = OQ(Le−Leff)×Q(Leff+1), with ΠT Π = IQ(Le−Leff),
and let

Hwall , [Σ1 H1,wall, . . . ,ΣK HK,wall] ∈ CQ(Le+1)×K(Lg−Leff).

For Leff ∈ {0, 1, . . . ,min(Le, Lmax)}, assuming Lg < Mu, if
the following three conditions hold:
(c1) Q > K
(c2) Q (Le − Leff) ≥ K (Lg − Leff)
(c3) rank(ΠTHwall) = K (Lg − Leff)

then, for σ2
s/σ

2
w → +∞ and ∀k ∈ {1, 2, . . . ,K}, the MMOE

combined channel-TEQ impulse response gk = HH
k ΣH

k fmmoe
of the kth user satisfies the perfect channel shortening condi-
tion (12), with

gk,win = G∞k,win γ ∈ CLeff+1

G∞k,win , HH
k,winΣ

H
k ΘLeff ∈ C(Leff+1)×Q(Leff+1)

for any nonzero γ ∈ CQ(Leff+1).
Proof: See Appendix B.

Theorem 1 provides sufficient conditions assuring that the
proposed MMOE channel shortener is asymptotically able to
jointly shorten the CIRs of all the users. Remembering that
Q = Nr Nc, the assumption Lg < Mu and condition (c1)
jointly limit the maximum number of users; in particular, (c1)
shows that, even though oversampling is not strictly necessary
when Nr > K, values of Nc > 1 allow one to accommodate a
larger number of users. Moreover, the choice Nc > 1 has also
a favorable impact on the maximum order of the extended CIR
that can be shortened. Indeed, assuming that (c1) holds and

remembering that Lg = Le +Lmax, (c2) imposes the following
upper bound on Lmax:

Lmax ≤ (Le − Leff)

(
Nr Nc

K
− 1

)
(15)

which shows that Lmax linearly increases both with the ratio
(Nr Nc)/K and with Le − Leff. It is worth remembering
that, to achieve IBI suppression, the value of Leff must be
chosen such that Leff ≤ Lcp. Thus, for a given Le, choosing
Leff much smaller than Lcp enables shortening of longer
channels; this choice, however, might introduce, as discussed
in [24], [30], excessive noise enhancement during the channel
shortening process; typically, a good trade-off is obtained
by choosing Leff = Lcp. Additionally, we note that suitable
settings of the TEQ parameters (Leff and Le) require only
upper bounds (rather than the exact knowledge) on the channel
orders and residual TOs of users. Finally, if (c1) and (c2)
are met, (c3) is satisfied with probability one by any matrix
H , [Σ1 H1,Σ2 H2, . . . ,ΣK HK ] having nonzero statisti-
cally independent entries drawn from a continuous probability
distribution.

Relying on factorization fmmoe = Fmmoe γ and defin-
ing z(m) , FHmmoe r(m) ∈ CQ(Leff+1), the output of the
MMOE TEQ can be rewritten as ymmoe(m) , fHmmoe r(m) =
γH z(m) = zT (m)γ∗. Since Theorem 1 ensures that per-
fect channel shortening is asymptotically achieved for any
nonzero γ, the latter expression suggests that multiuser CFO
compensation can be directly performed on zT (m), before
multiplying it by γ∗. Nevertheless, the choice of γ has
a significant impact on the system performance: simulation
results non reported here show that simple choices (like, e.g.,
γ = [1, . . . , 1]T ) generally lead to poor performances. For
this reason, optimization of γ will be carried out after CFO
compensation.

B. Blind multiuser CFO compensation

We consider the CFO estimation/compensation problem, by
exploiting algorithms proposed in the literature for interleaved
CAS that work after CP removal (i.e., on the IBI-free signal).
In particular, CFO compensation restores subcarrier orthog-
onality, allowing thus ICI and MAI to be easily suppressed.
Estimation of the CFOs can be obtained e.g. by resorting to
existing blind algorithms [7]- [10] or [38], which do not re-
quire transmission of reference symbols. Since CFO estimation
is outside the scope of the paper, we assume herein that the
CFOs have been perfectly estimated, by deferring to numerical
simulations in Section IV the analysis of the effects of possible
estimation errors. Compensation of the CFOs can be carried
out through, e.g., linear multiuser detection algorithms [6]:
such a processing can be performed either in the frequency
domain [9] or in the time domain [7]. In the following, we
pursue the time-domain approach of [7], since it exhibits a
lower computational complexity compared to [9].

Although Theorem 1 in Subsection III-A states that perfect
channel shortening is achieved only for vanishingly small
noise, simulation results of Section IV show that satisfactory
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Fig. 1. The three-stage structure of the proposed blind multiuser channel-shortening receiver.

shortening performances can be obtained even for moderate-
to-high SNR values. Thus, we choose Leff = Lcp and as-
sume in our design that, for sufficiently high (but finite)
SNR values, the perfect channel shortening condition (12) is
satisfied by the MMOE shortener, i.e., gk = HH

k ΣH
k fmmoe =

[gTk,win,0
T
Lg−Lcp

]T ∈ CLg+1, where gk,win , Gk,win γ, with
Gk,win , HH

k,win ΣH
k Fmmoe ∈ C(Lcp+1)×Q(Lcp+1). In such a

case, the vector z(m) = FHmmoe r(m) ∈ CQ(Lcp+1) can be
written as

z(m) =

K∑
k=1

ej
2π
M εkm GH

k,win uk,win(m) + v(m) (16)

where v(m) , FHmmoe w(m) ∈ CQ(Lcp+1). After carrying
out the polyphase decomposition (with respect to P ) of
ymmoe(m) = zT (m)γ∗ and removing the CP to achieve IBI
suppression, the TEQ output vector

ymmoe(n) , [ymmoe(nP + Lcp), ymmoe(nP + Lcp + 1),

. . . , ymmoe(nP + P − 1)]T ∈ CM

of IBI-free samples in the nth symbol period is given by
ymmoe(n) = Z(n)γ∗, where

Z(n) , [z(nP +Lcp), z(nP +Lcp +1), . . . , z(nP +P −1)]T .

It is shown in Appendix C that Z(n) can be written as

Z(n) = Ψ A(n) + V(n) (17)

where, for k ∈ {1, 2, . . . ,K} and r ∈ {0, 1, . . . ,Km − 1},

Ψ , [Ψ1,Ψ2, . . . ,ΨK ] ∈ CM×KMu

Ψk , [Ψ
(0)
k ,Ψ

(1)
k , . . . ,Ψ

(Km−1)
k ]T ∈ CM×Mu

Ψ
(r)
k , K−1/2

m diag
[
ej

2π
M rMu(εk+φk), . . . ,

ej
2π
M (rMu+Mu−1)(εk+φk)

]
∈ CMu×Mu

A(n) , [a0(n),a1(n), . . . ,aQ(Lcp+1)−1(n)]

ai(n) , [{ej 2π
M ε1(nP+Lcp) G̃1,i s1(n)}T , . . . ,

{ej 2π
M εK(nP+Lcp) G̃K,i sK(n)}T ]T ∈ CKMu

V(n) , [v(nP + Lcp), . . . ,v(nP + P − 1)]T

and G̃k,i ∈ CMu×Mu is a circulant matrix with
[{Gk,win}0,i, . . . , {Gk,win}Lcp,i e

j 2π
M φkLcp , 0, . . . , 0]H as first

column, for i ∈ {0, 1, . . . , Q(Lcp + 1)− 1}.

Due to the presence of the CFOs in (17), after performing
DFT and subcarrier demapping, the K users are not orthogonal
in the frequency domain, which highlights the need for CFO
compensation.4 Since the time-varying complex exponentials
{ej 2π

M εk(nP+Lcp)}Kk=1 in A(n) do not affect user separation,
they can be compensated through simple per-user counter-
rotation, performed after restoring orthogonality among uplink
signals. Therefore, the key point is to restore orthogonality
among users, by extracting from Z(n) an estimate Â(n) of
the matrix A(n), which separately gathers the contributions
of all the active users. Since we have assumed that the CFOs
have been previously estimated, the matrix Ψ is available in
the following derivations. We resort to the least squares (LS)
(also known as linear decorrelating detector in the multiuser
detection literature) criterion to compute Â(n). Under the as-
sumption that the matrix Ψ is full-column rank, the minimum-
norm LS estimate of A(n) is given by

Â(n) = Ψ† Z(n) = A(n) + Ψ†V(n) (18)

where Ψ† = (ΨH Ψ)−1ΨH is the Moore-Penrose inverse of
Ψ, which completely suppresses the MAI produced by the
CFOs in the ideal case of perfectly estimated CFOs. The full-
column rank property of Ψ is implicitly assumed in [7] without
proving it: it is demonstrated in Appendix D that Ψ is full-
column rank, provided that ej

2π
Km

(ε1+φ1) 6= ej
2π
Km

(ε2+φ2) 6=
· · · 6= ej

2π
Km

(εK+φK), i.e., (εk1 +φk1)−(εk2 +φk2) 6= iKm, for
any k1 6= k2 ∈ {1, 2, . . . ,K} and ∀i ∈ Z. Remembering that
the CFOs satisfy |εk| < 1/2, which implies that |εk1−εk2 | < 1,
and noting that φk1−φk2 ∈ {−Km +1, . . . ,Km−1}−{0}, it
can be inferred that the previous condition is always satisfied.5

In the presence of additive noise, perfect CFO compensation
comes at the price of a certain noise amplification. To alleviate
such a problem, a successive interference cancellation algo-
rithm has been devised in [7], which however may be plagued
by error propagation and, moreover, it is particularly sensitive
to the adopted ordering of the active users. In the following
subsection, we will propose a completely different approach,
which exploits the available degrees of freedom represented by

4The matrix G̃k,i also depends on the CFO εk , since Gk,win is a
function of εk through Σk . However, such a dependence does not affect
user separability, since it is automatically compensated by frequency-domain
channel equalization.

5It can also be inferred that Ψ begins to lose rank when the distance
between the residual CFOs approaches unity, e.g., when εk1 = −εk2 =
±1/2, which occurs with probability zero in practical cases.
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the constraint vector γ in (13), to perform blind maximization
of the SNR for each user in the frequency domain.

C. Blind per-user SNR maximization

We assume that IBI has been removed and the CFOs have
been perfectly compensated. Thus, having restored orthogonal-
ity among users, user separation can be achieved by picking
out the Mu ×Q(Lcp + 1)-dimensional sub-matrices of Â(n).
The resulting kth-user data matrix Âk(n) ∈ CMu×Q(Lcp+1),
for k ∈ {1, 2, . . . ,K}, can be expressed as

Âk(n) = Rk Â(n)

= ej
2π
M εk(nP+Lcp)

[
G̃k,0 sk(n), G̃k,1 sk(n), . . . ,

G̃k,Q(Lcp+1)−1 sk(n)
]

+ Rk Ψ†V(n) (19)

where Rk , [O(k−1)Mu×Mu , IMu ,O(K−k)Mu×Mu ] is the ex-
traction matrix. By recalling the eigenstructure properties of
circulant matrices, we write G̃k,i = WH

dft Λk,i Wdft, where
Λk,i , diag(λk,i) ∈ CMu×Mu and

λk,i ,Mu
1/2 Wdft C Ek [{Gk,win}0,i, . . . , {Gk,win}Lcp,i]

H

for i ∈ {0, 1, . . . , Q(Lcp + 1)− 1}, with

C , [ILcp+1,O(Lcp+1)×(Mu−Lcp−1)]
T ∈ RMu×(Lcp+1)

Ek , diag(1, e−j
2π
M φk , . . . , e−j

2π
M φkLcp) ∈ CLcp+1 . (20)

Thus, after DFT, one has

Qk(n) , Wdft Âk(n)

= M1/2
u ej

2π
M εk(nP+Lcp) S̃k(n) Wdft C Ek G∗k,win

+ Wdft Nk(n) F∗mmoe

= M1/2
u ej

2π
M εk(nP+Lcp) Λk s̃k(n)

+ Wdft Nk(n) F∗mmoe (21)

with

S̃k(n) , diag[̃sk(n)] ∈ CMu×Mu

Nk(n) , RkΨ
†W(n) ∈ CMu×Q(Le+1)

W(n) , [w(nP + Lcp), . . . ,w(nP + P − 1)]T ∈ CM×Q(Le+1)

Λk , diag(Wdft C Ek G∗k,win) ∈ CMu×Mu . (22)

To take into account the constraint vector γ, observe that the
cascade of CFO compensation, user separation, and DFT can
be equivalently seen as a linear transformation of the TEQ
output vector ymmoe(n) = Z(n)γ∗, which allows one to write
the frequency-domain vector q̂k(n) as

q̂k(n) , Wdft Rk Ψ† ymmoe(n) = Qk(n)γ∗ (23)

where Qk(n) = Wdft Rk Ψ† Z(n) is given by (21). Therefore,
the SNR associated6 with (23) is

SNRk ,
E
[∥∥∥M1/2

u S̃k(n) Wdft C Ek G∗k,win γ
∗
∥∥∥2
]

E
[
‖Wdft Nk(n) F∗mmoe γ

∗‖2
]

=
γH R∗QkQk

γ

γH FHmmoe R∗NkNk
Fmmoe γ

− 1 (24)

where

RQkQk
, E[QH

k (n) Qk(n)] = σ2
sMu GT

k,win G∗k,win

+ FTmmoe RNkNk
F∗mmoe ∈ CQ(Lcp+1)×Q(Lcp+1)

with RNkNk
, E[NH

k (n) Nk(n)] ∈ CQ(Le+1)×Q(Le+1). In
Appendix E, it is proven that RNkNk

is a scaled identity
matrix, thus maximizing (24) with respect to γ leads to

γk,opt = arg max
γ

{
γH R∗QkQk

γ
}

subject to γH FHmmoe Fmmoe γ = 1 (25)

whose solution depends on k and can be expressed (see,
e.g., [24]) as γk,opt = R−1

mmoe γ̃k,max, where γ̃k,max is the
eigenvector associated with the largest eigenvalue of ma-
trix (R−1

mmoe)
H R∗QkQk

R−1
mmoe, and Fmmoe = Qmmoe Rmmoe

is the QR decomposition of Fmmoe, with Rmmoe ∈
CQ(Lcp+1)×Q(Lcp+1) being a nonsingular upper triangular ma-
trix and Qmmoe ∈ CQ(Le+1)×Q(Lcp+1) being a semi-unitary
matrix, i.e., QH

mmoeQmmoe = IQ(Lcp+1). The vector γk,opt
can be consistently estimated from the received data either
in batch or adaptive mode [24]. It is worthwhile to note
that the resulting receiver admits the three-stage structure
depicted in Fig. 1. A summary of the proposed algorithm
and its computational complexity [expressed in floating point
operations (flops)] is reported in Tab. I for Leff = Lcp.

To recover from q̂k(n) the kth-user symbol block sk(n), we
resort to the minimum mean-square error (MMSE) estimator,
given by

ŝk(n) = σ2
s e
−j 2π

M εk(nP+Lcp) WH
dft Λ

∗
k

·
(
σ2
s Λk Λ∗k + σ2

w |µk|2 IMu

)−1
q̂k(n) (26)

where the knowledge of Λ∗k (assumed to be non singular) can
be obtained by estimating the shortened channel vector gk,win
by means of conventional blind or training-based channel
estimators, whereas µk , K

−1/2
m

∑K
`=1 µk,`, with µk,` ,

{(ΨHΨ)−1}(k−1)Mu+1,(`−1)Mu+1 (see also Appendix E).7

Each entry of ŝk(n) is finally quantized to the nearest (in
Euclidean distance) information symbol, to form the estimate
of the corresponding entry of sk(n).

6Under our assumptions, the only disturbance in (23) is thermal noise,
which allows one to devise a blind maximum-SNR criterion, instead of a
more complicated and non-blind maximum signal-to-interference-plus-noise
(SINR) one.

7In practice, only a reliable estimate ε̂k of the CFO εk is available to
compensate for the time-varying exponential ej

2π
M
εk(nP+Lcp). In this case,

the task of eliminating the residual factor ej
2π
M

(εk−ε̂k)(nP+Lcp) is assigned
to the phase recovery circuit [39].
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TABLE I
SUMMARY AND COMPLEXITY OF THE PROPOSED ALGORITHM.

• Blind multiuser MMOE channel shortening:
– multiuser MMOE channel shortening: z(m) , FHmmoe r(m) ∈ CQ(Lcp+1), with Fmmoe given by (14) or (34);
– serial-to-parallel conversion: Z̃(n) , [z(nP ), z(nP + 1), . . . , z(nP + P − 1)]T ∈ CP×Q(Lcp+1);
– complexity dominated by calculation of Fmmoe, requiring O[Q3(Le − Lcp)3)] flops when expressed by (34).

• Blind multiuser CFO compensation:
– CP removal: Z(n) , Rcp Z̃(n) ∈ CM×Q(Lcp+1), with Rcp , [OM×Lcp , IM ] ∈ RM×P ;
– CFO compensation: Â(n) , Ψ† Z(n) ∈ CKMu×Q(Lcp+1);
– complexity dominated by calculation of Ψ†, requiring O(K3M3

u ) flops.
• Blind per-user SNR maximization:

– kth user extraction and DFT: Qk(n) , Wdft Rk Â(n) ∈ CMu×Q(Lcp+1);
– per-user maximum-SNR filtering: q̂k(n) , Qk(n)γ

∗ ∈ CMu , with γ = γk,opt given by (25);
– complexity dominated by calculation of the dominant eigenvector in (25), requiring O[Q3(Lcp + 1)2(Le + 1)] flops needed to evaluate the QR

decomposition of Fmmoe.

IV. SIMULATION RESULTS

We present in this section the results of Monte Carlo
computer simulations, aimed at assessing the performance
of the proposed blind MMOE receiver, in comparison with
the blind receiver of [31], which employs the carrier nulling
algorithm (CNA), and the non-blind MMSE method of [15],
which requires a priori knowledge of the long (i.e., before
channel shortening) CIR; both receivers were adapted to work
in the considered SC-IFDMA scenario. In addition, as a
reference, we report the performance of the receiver without
channel shortening (referred to as “w/o TEQ”).

Unless otherwise specified, the SC-IFDMA uplink works
with 2x oversampling (Nc = 2) and employs a total of
M = 64 QPSK-modulated subcarriers, with a CP of length
Lcp = 4. For each k ∈ {1, 2, . . . ,K} and ` ∈ {0, 1, . . . , Lk},
the elements of the channel vector hk(`) are randomly
generated in each Monte Carlo trial as independent and
identically distributed (i.i.d.) circularly symmetric complex
Gaussian random variables with zero mean and variance σ2

h(`),
with hk1(`1) and hk2(`2) statistically independent of each
other for k1 6= k2 or `1 6= `2. We assumed an exponential
power-delay profile model, with σ2

h(`) = σ2
h(0) exp(−0.1 `),

for ` ∈ {0, 1, . . . , Lk}, where σ2
h(0) is chosen to ensure

a unit average energy for hk(`), and we set θk = 0 and
(unless otherwise specified) Lk = Lmax = 6. The additive
noise vector w(m) is modeled as a zero-mean white complex
circularly symmetric Gaussian vector. In all experiments, the
first user (i.e., k = 1) is chosen as the desired one and,
according to (5), its received average SNR is defined as
SNR , (σ2

wQ)−1 E[‖
∑Lmax
`=0 h1(`)u1(m− `)‖2].

The first figure of merit computed in our simulations is the
average shortening SINR (ASSINR) [24] at the output of the
TEQs, which is defined [see (10) and (11)] as

ASSINR ,
E
[∣∣gH1,win u1,win(m)

∣∣2]
E
[∣∣∣gH1,wall u1,wall(m) + v(m)

∣∣∣2] . (27)

and represents a measure of their channel shortening capabil-

ities.8 To assess the overall performance of the receivers, we
evaluated the average BER (ABER) at their output, which is
the average of the BERs measured over the Mu subcarriers
employed by the desired user.

Both ASSINR and ABER values are obtained by averaging
the results over 3000 SC-IFDMA symbols and 1000 Monte
Carlo trials, assuming for data demodulation exact knowledge
of the shortened channel after TEQ, which can be achieved
by standard channel estimation techniques.

The proposed MMOE is implemented in both its exact
(referred to as “ex.”) and data-dependent (referred to as “est.”)
versions: in the first implementation, we assumed perfect
knowledge of the covariance matrix Rrr needed for the
synthesis of the channel shortener; whereas, in the second
one, the matrix Rrr is estimated in batch mode on the basis
of a sample-size of Ks = 40 (unless otherwise specified)
SC-IFDMA symbols. The CNA TEQ, which maximizes a
cost function that does not admit a closed-form expression,
is implemented in a blind data-estimated manner, as described
in [31], utilizing again Ks = 40 SC-IFDMA symbols. Finally,
the MMSE and the “w/o TEQ” receivers are implemented
exactly in all the experiments.

A. Channel shortening performance

In this subsection, we focus on the ASSINR performances
of the TEQs under comparison. We considered a system with
K = 2 users, each employing Mu = 32 subcarriers, a BS
equipped with Nr = 3 antennas, and we set the TEQ order to
Le = 10. Moreover, we considered two scenarios, either when
no CFO is present (i.e., ε1 = ε2 = 0), or when the CFOs are
chosen as (ε1, ε2) = (0.20,−0.32).

Figs. 2 and 3, which report the ASSINR as a function of
SNR in the two CFO scenarios, show that, since Lcp < Lmax,
the performances of the “w/o TEQ” receiver are completely
unsatisfactory over the entire range of SNR. In contrast,
the proposed MMOE, both in its exact and data-estimated
versions, exhibits satisfactory performances, which are almost

8It is worthwhile to note that, for the proposed MMOE, the calculation of
ASSINR includes the effects of optimization of γ carried out in the third
stage.
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Fig. 2. Average shortening SINR versus SNR (K = 2 users, scenario
without CFOs).
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Fig. 3. Average shortening SINR versus SNR (K = 2 users, scenario
with CFOs).
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Fig. 4. Average shortening SINR versus Lmax (K = 2 users, scenario
without CFOs).
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Fig. 5. Average shortening SINR versus Lmax (K = 2 users, scenario
with CFOs).

insensitive to the presence of the CFOs. In particular, in
both CFO scenarios, the MMOE performs comparably to the
non-blind MMSE TEQ, exhibiting even a slight performance
advantage when implemented exactly: this behavior, which
seems counterintuitive at first sight, can be explained by noting
that, while the MMSE exploits all its degrees of freedom
to jointly shorten the CIRs and suppress ICI and MAI, the
MMOE employs its degrees of freedom only to shorten the
CIRs, since ICI/MAI suppression is assured, after CP removal,
by restoring subcarrier orthogonality. Compared to its exact
version, the data-estimated MMOE pays a penalty of about 5
dB for high SNR values in both CFO scenarios; this behavior
is due to the well-studied performance saturation effect [40]
which, however, can be reduced (if needed) by properly
increasing the sample-size Ks. As regards the comparison with
the blind CNA shortener, in the absence of CFOs (Fig 2), the
data-estimated MMOE provides a 10-dB gain over almost the
entire SNR range, which is largely due to the per-user SNR

maximization carried out in its third stage;9 instead, in the
presence of CFOs (Fig 3), the CNA performance is completely
unsatisfactory, due to the lack of a fine frequency synchroniza-
tion step to be performed before channel shortening.

Figs. 4 and 5 report the ASSINR of the considered TEQs as
a function of the maximum channel order Lmax ∈ {4, . . . , 13},
in the two CFO scenarios and for a fixed SNR = 25 dB.
Note that, when Lmax ≥ 13, condition (15) is violated, i.e.,
perfect channel shortening is not ensured for the proposed
MMOE even in the absence of noise; on the other hand,
when Lmax = Lcp = 4, CP removal is capable of com-
pletely suppressing IBI: only in this case the ASSINR of
the “w/o TEQ” receiver assumes acceptable values in both
CFO scenarios, whose performances are however worse than
those of the proposed receiver, due to the per-user SNR
maximization carried out in its third stage. It is noteworthy that
the performance of the proposed MMOE, both in its exact and

9Simulation results not reported here show indeed that SNR maximization
in the third stage accounts for an ASSINR improvement of about 10 dB in
the considered scenario.
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Fig. 6. Average BER versus SNR (K = 2 users, scenario without
CFOs).
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Fig. 7. Average BER versus SNR (K = 2 users, scenario with CFOs).
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Fig. 8. Average BER versus SNR (K = 4 users, scenario without
CFOs).
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Fig. 9. Average BER versus SNR (K = 4 users, scenario with CFOs).

data-estimated versions, gracefully degrades as Lmax increases,
providing again large performance gains over the CNA one,
which shows poor performances in the presence of CFOs
(Fig.5). Moreover, the exact version of the MMOE performs
again comparably to (or even better than) the non-blind MMSE
one in both CFO scenarios and over the range of Lmax values
for which condition (15) is fulfilled, while its data-estimated
counterpart pays an acceptable performance loss, which can
be further reduced by increasing the sample-size Ks.

B. Overall receiver performances

In this subsection, we report the ABER performances of
the complete receivers (encompassing the channel shortening
algorithm, the CFO compensation procedure, and the symbol
detector) as a function of SNR, with the exclusion of the
“w/o TEQ” receiver, whose performance, being dominated by
IBI, is completely unsatisfactory, as shown by simulations of
Subsection IV-A.

Moreover, as a performance benchmark, we consider the
non-blind receiver (labeled as “maxSNR” in the plots), which

maximizes the per-user SNR in the frequency domain (before
channel estimation and symbol detection): this receiver is
implemented exactly and operates in an idealized scenario,
wherein the channel order is equal to the CP length and no
CFO is present.

We considered two SC-IFDMA systems, with K = 2 and
K = 4 users: for the first one (results in Figs. 6 and 7), we
considered the same setting of Subsection IV-A, i.e., Mu = 32,
Nr = 3, and Le = 10; whereas for the second one (Figs. 8
and 9), we set Mu = 16, Nr = 8, and Le = 7. As in
Subsection IV-A, we considered the two scenarios when no
CFO is present or when the uplink signals are affected by
CFOs: in the latter case, the CFOs are orderly chosen in the
set (0.20,−0.32,−0.18, 0.25). Moreover, we report the ABER
performance of the proposed data-estimated MMOE not only
when the CFOs are exactly known at the second stage, but
also when the true CFO values are affected by a random
perturbation: specifically, to perform LS compensation in (18),
we replace εk in the construction of Ψ with ε̂k = εk + ∆εk,
for k ∈ {1, 2, . . . ,K}, where ∆ε1,∆ε2, . . . ,∆εK are i.i.d.
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(real) Gaussian random variables with zero mean and variance
equal to the corresponding Cramér-Rao lower bound for CFO
estimation, which is evaluated similarly to [41].

Simulation results confirm that, when no CFO is present
(Figs. 6 and 8), the per-user SNR maximization carried out in
the third stage allows both versions of the MMOE receiver to
largely outperforms the CNA one.10 Moreover, the exact ver-
sion of the proposed MMOE receiver noticeably outperforms
the non-blind MMSE one in both CFO scenarios, while its
data-estimated counterpart pays only a moderate performance
penalty, which grows when the number of users increases
from K = 2 to K = 4: this behavior is mainly due to the
marked increase of the size of the covariance matrix Rrr

to be estimated (from 66 × 66 for K = 2 to 128 × 128
for K = 4), which would require a corresponding increase
in sample-size to keep the estimation accuracy unchanged.
It is remarkable that in all simulations the proposed MMOE
pays only a reasonable performance loss with respect to the
“maxSNR” ideal benchmark, which operates with a shortened
channel and without CFOs. With reference to the scenarios
with CFOs (Figs. 7 and 9), it is interesting to observe that CFO
perturbations have a moderate impact on the performance of
the proposed data-estimated MMOE.

In the last experiment, we assess the performance of
the proposed data-estimated MMOE receivers in the sce-
nario where the number of users ranges from K = 1
to K = 5, the CFOs are orderly chosen in the set
{0.20,−0.32,−0.18, 0.25,−0.09}, and the number of sub-
carriers is Mu = bM/Kc.11 Fig. 10 reports the ABER
performance versus K for SNR = 30 dB, Nc = 3, Nr = 12,
Le = 5, and Ks = 20 SC-IFDMA symbols. Results show that
the overall performances of the considered receivers gracefully
degrade as the number of users increases, exhibiting moreover
a slightly larger sensitivity to CFO estimation errors.

V. CONCLUSIONS

In this paper, we proposed a receiver for the uplink of a SC-
IFDMA system, where user signals are affected by TOs and
CFOs and the quasi-synchronous assumption is violated, i.e.,
the CP length is insufficient to compensate for TOs and mul-
tipath channel dispersion. The proposed receiver is composed
of three stages: (i) a constrained MMOE-based blind multiuser
channel shortener, which can be entirely estimated from the
received data, whose channel shortening capabilities are not
impaired by the presence of CFOs; (ii) a LS compensator of
the CFOs; (iii) a per-user blind maximum SNR-based detector.
The proposed receiver outperforms existing solutions, based
either on non-blind or blind channel shortening algorithms,
by additionally showing a remarkable robustness against CFO
estimation errors. An interesting issue to be investigated is
how to take into account in our blind design the effects of
transmitter and/or receiver I/Q imbalance.

10We did not report the performance of the CNA receiver in the presence of
CFOs, since it does not work at all (see simulation results of Subsection IV-A).

11In this experiment, the remaining M−MuK subcarriers are unmodulated.
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Fig. 10. Average BER versus K (SNR = 30 dB, scenario with CFOs).

APPENDIX A
PROPERTIES OF THE COVARIANCE MATRIX Rrr

From (6), it results that

Rrr(m) =

K∑
k=1

Σk Hk Rukuk(m) HH
k ΣH

k + σ2
w IQ(Le+1)

(28)
where Rukuk(m) , E[uk(m) uHk (m)] ∈ C(Lg+1)×(Lg+1) is
the covariance matrix of uk(m), for k ∈ {1, 2, . . . ,K}, whose
elements are {Rukuk(m)}i1i2 = Rukuk(m − i1, i2 − i1), for
0 ≤ i1, i2 ≤ Lg < P , where

Rukuk(m, d) , E[uk(m)u∗k(m− d)]

denotes the autocorrelation of uk(m), with d ∈ Z. At this
point, according to (2), it is useful to write the transmitted
data block uk(m) as

uk(m) =

Mu−1∑
`=0

+∞∑
r=−∞

s̃k,`(r) ρk,`(m− r P ) (29)

where s̃k,`(n) is the (` + 1)th element of s̃k(n),
for ` ∈ {0, 1, . . . ,Mu − 1}, and ρk,`(p) ,

M−1/2 ej
2π
M (p−Lcp) ik,` ΠP (p). By virtue of (29), for

d = i2 − i1 ∈ {−Lg, . . . ,−1, 0, 1, . . . , Lg}, one obtains

Rukuk(m, d) =

[
σ2
s

M

Mu−1∑
`=0

(
ej

2π
M d

)ik,`]
· repP [ΠP (m) ΠP (m− d)] (30)

where the factor in square brackets is a polynomial of de-

gree ik,Mu−1 in the variable ej
2π
M d. Eq. (30) shows that

Rukuk(m, d), as a function of m, can be periodic of period
P and, thus, the random vector uk(n) can be wide-sense
cyclostationary [42]: in such a case, the covariance matrix
Rukuk(m) is periodically time-varying (PTV) with period P .
For instance, in the case of subband CAS, i.e., ik,` = `+ φk,
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for ` ∈ {0, 1, . . . ,Mu − 1}, one has

Rukuk(m, d) =

σ2
s

M

1− ej
2π
Km

d

1− ej
2π
M d

 ej
2π
M dφk


· repP [ΠP (m) ΠP (m− d)] . (31)

For an SC-IFDMA system employing interleaved CAS, in-
stead, ik,` = `Km + φk according to (1) and, hence, eq. (30)
boils down to Rukuk(m, d) = σ2

s δ(d) repP [ΠP (m)].
If Lg < Mu, it results that Rukuk(m) ≡ Rukuk = σ2

s ILg+1

which, when substituted in (28), implies Rrr(m) ≡ Rrr,
which can be written as

Rrr = σ2
s H HH + σ2

w IQ(Le+1) (32)

where

H , [Σ1 H1,Σ2 H2, . . . ,ΣK HK ] ∈ CQ(Le+1)×K(Lg+1) .

APPENDIX B
PROOF OF THEOREM 1

Let us rewrite (14), by exploiting the generalized sidelobe
canceller (GSC) decomposition [34], as

fmmoe = f (0)
mmoe −Π f (a)

mmoe

where f (0)
mmoe , ΘLeff γ ∈ CQ(Le+1) satisfies the con-

straint fH ΘLeff = γH by construction, the signal block-
ing matrix Π ∈ RQ(Le+1)×Q(Le−Leff) obeys ΠT ΘLeff =
OQ(Le−Leff)×Q(Leff+1), i.e., R(Π) ≡ R⊥(ΘLeff), and ΠT Π =

IQ(Le−Leff), whereas f (a)
mmoe ∈ CQ(Le−Leff) is given by

f (a)
mmoe =

(
ΠT Rrr Π

)−1

ΠT Rrr f (0)
mmoe (33)

Recalling that fmmoe = Fmmoeγ, with Fmmoe ∈
CQ (Le+1)×Q(Leff+1), one readily obtains (see, e.g., [43])

Fmmoe = ΘLeff −Π
(
ΠT Rrr Π

)−1

ΠT Rrr ΘLeff . (34)

Let gk = HH
k ΣH

k fmmoe = HH
k ΣH

k Fmmoe γ, substituting
(32) (which holds since Lg < Mu) in (34), remembering that
ΠT ΘLeff = OQ(Le−Leff)×Q(Leff+1) and ΠT Π = IQ(Le−Leff),
one has

HHFmmoe = HH
{

IQ(Le+1) − σ2
s Π

[
σ2
s ΠT H HH Π

+σ2
w IQ(Le−Leff)

]−1
ΠT H HH

}
ΘLeff . (35)

Using the limit formula for the Moore-Penrose inverse [44],
one obtains

lim
σ2
s/σ

2
w→+∞

HHFmmoe

= HH
[
IQ(Le+1) −Π(HHΠ)†HH

]
ΘLeff

=
[
IK(Lg+1) −HHΠ(HHΠ)†

]
HHΘLeff . (36)

For k ∈ {1, 2, . . . ,K}, the kth block of

ΠT H = [ΠT Σ1 H1,Π
T Σ2 H2, . . . ,Π

T ΣK HK ]

can be expressed as

ΠT Σk Hk = [ΠT ΘLeff JLeff · · ·J1 Σk,0 ξk,0, . . . ,

ΠT ΘLeff JLeff Σk,Leff−1 ξk,Leff−1,Π
T ΘLeff Σk,Leff ξk,Leff

,

ΠT Σk hk,Leff+1,Π
T Σk hk,Leff+2, . . . ,Π

T Σk hk,Lg ]

= ΠT Σk Hk,wall Υ (37)

with

Hk,wall , [hk,Leff+1,hk,Leff+2, . . . ,hk,Lg ] ∈ CQ(Le+1)×(Lg−Leff)

Υ , [O(Lg−Leff)×(Leff+1), ILg−Leff ] ∈ C(Lg−Leff)×(Lg+1)

where we recall that ΠT ΘLeff = OQ(Le−Leff)×Q(Leff+1). Thus,
one gets ΠT H = ΠT Hwall (IK ⊗Υ), where

Hwall , [Σ1 H1,wall,Σ2 H2,wall, . . . ,ΣK HK,wall] .

Since rank(ΠT Hwall) = K (Lg − Leff) by assumption, which
requires that Q (Le − Leff) ≥ K (Lg − Leff), it follows
[44] that (ΠT H)† = (IK ⊗ Υ)† (ΠT Hwall Ξ)†, where
Ξ , (IK ⊗ Υ) (IK ⊗ Υ)† ∈ CK(Lg−Leff)×K(Lg−Leff) is
the orthogonal projector onto R(IK ⊗ Υ). It is seen that
(IK ⊗Υ)† = (IK ⊗Υ†), with Υ† = ΥT , and, consequently,
Ξ = IK ⊗ (Υ ΥT ) = IK(Lg−Leff). Therefore, one has

(HH Π)† = [(ΠT H)†]H = [(ΠT Hwall)
†]H [(IK ⊗Υ)†]H

= (HH
wall Π)† (IK ⊗ΥH)† = (HH

wall Π)†

· [IK ⊗ (Υ†)H ] = (HH
wall Π)† (IK ⊗Υ) (38)

which can be substituted in (36), hence obtaining

lim
σ2
s/σ

2
w→+∞

HHFmmoe

=
{

IK(Lg+1) − [IK ⊗ (ΥHΥ)]
}

HHΘLeff

=
[
IK ⊗ (ILg+1 −ΥH Υ)

]
HH ΘLeff

=

{
IK ⊗

[
ILeff+1 O(Leff+1)×(Lg−Leff)

O(Lg−Leff)×(Leff+1) O(Lg−Leff)×(Lg−Leff)

]}
·HH ΘLeff (39)

where, since HH
wall Π

T is full-row rank, it holds that
(HH

wall Π
T ) (HH

wall Π
T )† = IK(Lg−Leff). By remembering the

partitioned structure of H, one obtains from (39) the K limit
relations

lim
σ2
s/σ

2
w→+∞

gk =

[
HH
k,win ΣH

k ΘLeffγ
0(Lg−Leff)

]
(40)

for k ∈ {1, 2, . . . ,K}, where

Hk,win , [hk,0,hk,1, . . . ,hk,Leff ] ∈ CQ(Le+1)×(Leff+1) .

APPENDIX C
EXPRESSION OF THE MATRIX Z(n)

Using (16), one obtains

Z(n) =

K∑
k=1

ej
2π
M εk(nP+Lcp) Ωk Uk,win(n) G∗k,win + V(n)
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where

Ωk , diag[1, ej
2π
M εk , . . . , ej

2π
M εk(M−1)] ∈ CM×M

Uk,win(n) , [uk,win(nP + Lcp), . . . ,uk,win(nP + P − 1)]T

V(n) , [v(nP + Lcp), . . . ,v(nP + P − 1)]T . (41)

By observing that

uk,win(m) = [uk(m), uk(m−1), . . . , uk(m−Lcp)]T ∈ CLcp+1

taking into account (2), and remembering that uk(nP + p) =
uk,p(n) for p ∈ {0, 1, . . . , P − 1}, it can be readily verified
that Uk,win(n) = Uk,win(n) C, where the circulant matrix
Uk,win(n) ∈ CM×M has Wk s̃k(n) as first column and

C , [ILcp+1,O(Lcp+1)×(M−Lcp−1)]
T ∈ RM×(Lcp+1) .

For i ∈ {0, 1, . . . , Q(Lcp + 1) − 1}, let zi(n) ∈ CM and
vi(n) ∈ CM denote the ith column of Z(n) and V(n),
respectively, by exploiting the circulant structure of Uk,win(n),
it can be shown that

zi(n) =

K∑
k=1

ej
2π
M εk(nP+Lcp) Ωk Gk,i Wk s̃k(n)+vi(n) (42)

where Gk,i ∈ CM×M is the circulant matrix having

[{Gk,win}0,i, {Gk,win}1,i . . . , {Gk,win}Lcp,i, 0, . . . , 0]H

as first column. Taking into account (1), it can
be verified that Wk = ∆k

(
1Km ⊗W−1

dft

)
, where

∆k , K
−1/2
m diag[1, ej

2π
M φk , . . . , ej

2π
M φk(M−1)] ∈ CM×M .

Thus, remembering that s̃k(n) = Wdft sk(n), one has
Wk s̃k(n) = ∆k [1Km ⊗ sk(n)], which represents a matrix
formulation of the well-known result [7] that the interleaved
CAS of an SC-IFDMA symbol can be implemented in the
time domain by first repeating Km times the block sk(n)
and, then, multiplying the result by complex exponentials
to perform frequency shifts. By exploiting the circulant
structure of Gk,i, it can be shown that Gk,i ∆k = ∆k Gk,i,
where Gk,i ∈ CM×M is the circulant matrix having
[{Gk,win}0,i, {Gk,win}1,i ej

2π
M φk , . . . , {Gk,win}Lcp,i e

j 2π
M φkLcp ,

0, . . . , 0]H as first column, which can be partitioned as

Gk,i =


G(0)
k,i G(1)

k,i . . . G(Km−2)
k,i G(Km−1)

k,i

G(Km−1)
k,i G(0)

k,i . . . G(Km−3)
k,i G(Km−2)

k,i
...

...
...

...
...

G(1)
k,i G(2)

k,i . . . G(Km−1)
k,i G(0)

k,i

 (43)

with G(r)
k,i ∈ CMu×Mu , for r ∈ {0, 1, . . . ,Km−1}. As a conse-

quence of the aforementioned rearrangements, by partitioning

Ωk = diag[Ω
(0)
k ,Ω

(1)
k , . . . ,Ω

(Km−1)
k ]

∆k = diag[∆
(0)
k ,∆

(1)
k , . . . ,∆

(Km−1)
k ] (44)

with Ω
(r)
k ∈ CMu×Mu and ∆

(r)
k ∈ CMu×Mu , and defining

Ψ
(r)
k , Ω

(r)
k ∆

(r)
k = K−1/2

m diag
[
ej

2π
M rMu(εk+φk), . . . ,

ej
2π
M (rMu+Mu−1)(εk+φk)

]
∈ CMu×Mu (45)

for k ∈ {1, 2, . . . ,K} and r ∈ {0, 1, . . . ,Km − 1}, eq. (42)
can be rewritten as

zi(n) =

K∑
k=1

ej
2π
M εk(nP+Lcp) Ψk G̃k,i sk(n) + vi(n) (46)

where Ψk , [Ψ
(0)
k ,Ψ

(1)
k , . . . ,Ψ

(Km−1)
k ]T ∈ CM×Mu

and, provided that Lcp ≤ Mu, the circulant
matrix G̃k,i ,

∑Km−1
r=0 G(r)

k,i ∈ CMu×Mu has
[{Gk,win}0,i, {Gk,win}1,i ej

2π
M φk , . . . , {Gk,win}Lcp,i e

j 2π
M φkLcp ,

0, . . . , 0]H as first column. Finally, by defining

Ψ , [Ψ1,Ψ2, . . . ,ΨK ] ∈ CM×KMu

ai(n) , [{ej 2π
M ε1(nP+Lcp) G̃1,i s1(n)}T , . . . ,

{ej 2π
M εK(nP+Lcp) G̃K,i sK(n)}T ]T ∈ CKMu

eq. (46) can be compactly expressed as zi(n) = Ψ ai(n) +
vi(n), from which (17) easily follows.

APPENDIX D
FULL-COLUMN RANK PROPERTY OF THE MATRIX Ψ

The matrix Ψ is full-column rank, i.e., rank(Ψ) = KMu,
if and only if the null space of Ψ is trivial, i.e., N (Ψ) ≡
{0KMu}, which necessarily requires that KMu ≤ M . A
vector β , [βT1 ,β

T
2 , . . . ,β

T
K ]T ∈ CKMu , with βk =

[βk,0, βk,1, . . . , βk,Muser−1
]T ∈ CMu for k ∈ {1, 2, . . . ,K},

belonging to N (Ψ) obeys Ψβ = 0M . By exploiting the block
structure of Ψ and {Ψk}Kk=1, one has

Ψβ = 0M ⇐⇒
K∑
k=1

Ψk βk = 0M ⇐⇒ V β̃ = 0M (47)

where the `th diagonal block of the matrix V ,
diag[V0,V1, . . . ,VMu−1] ∈ CM×(KMu) is given by
V` = Ṽ diag[ej

2π
M (ε1+φ1)`, ej

2π
M (ε2+φ2)`, . . . , ej

2π
M (εK+φK)`]

for ` ∈ {0, 1, . . . ,Mu − 1}, with Ṽ ∈ CKm×K be-
ing the Vandermonde matrix associated with the vec-
tor [ej

2π
Km

(ε1+φ1), ej
2π
Km

(ε2+φ2), . . . , ej
2π
Km

(εK+φK)]T , and, fi-
nally, β̃ , [β1,0, . . . , βK,0, β1,1, . . . , βK,1, . . . , β1,Mu−1, . . . ,

βK,Mu−1]T ∈ CKMu . Since Km ≥ K, matrix Ṽ is full-
column rank, provided that ej

2π
Km

(ε1+φ1) 6= ej
2π
Km

(ε2+φ2) 6=
· · · 6= ej

2π
Km

(εK+φK). In such a case, each block V` is full-
column rank in its turn, i.e., rank(V`) = K, thus implying
that rank(V) =

∑Mu−1
`=0 rank(V`) = KMu. Hence, matrix V

is full-column rank and, consequently, the unique solution of
V β̃ = 0M is β̃ = 0KMu , which leads to β = 0KMu .

APPENDIX E
EVALUATION OF THE COVARIANCE MATRIX OF Nk(n)

Remembering that Ψ† = (ΨHΨ)−1ΨH , let us partition
(ΨHΨ)−1 as

(ΨHΨ)−1 =


Ψ̃ 1,1 Ψ̃ 1,2 . . . Ψ̃ 1,K

Ψ̃ 2,1 Ψ̃ 2,2 . . . Ψ̃ 2,K

...
...

. . .
...

Ψ̃K,1 Ψ̃K,2 . . . Ψ̃K,K

 (48)
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with Ψ̃ k,` ∈ CMu×Mu , for k, ` ∈ {1, 2, . . . ,K}. It is shown
in [7, App. A] that

Ψ̃ k,` = µk,` Ψ̃(ϑ` − ϑk)

µk,` , {(ΨHΨ)−1}(k−1)Mu+1,(`−1)Mu+1

Ψ̃(x) , diag[1, ej
2π
M x, . . . , ej

2π
M (Mu−1)x] ∈ CMu×Mu

ϑk , εk + φk (49)

for k ∈ {1, 2, . . . ,K}. By observing that

Ω
(r)
k = ej

2π
Km

εkr Ψ̃(εk)

∆
(r)
k = K−1/2

m ej
2π
Km

φkr Ψ̃(φk) (50)

for r ∈ {0, 1, . . . ,Km − 1}, one has

Rk Ψ† = µk Ψ̃
∗
(ϑk) [IMu , e

−j 2π
Km

ϑk IMu , . . . ,

e−j
2π
Km

ϑk(Km−1) IMu ]

where µk , K
−1/2
m

∑K
`=1 µk,`. By introducing the par-

tition W(n) = [W
T

0 (n),W
T

1 (n), . . . ,W
T

Km−1(n)]T , with
Wr(n) ∈ CMu×Q(Le+1), for r ∈ {0, 1, . . . ,Km−1}, we obtain

Nk(n) = µk Ψ̃
∗
(ϑk)

Km−1∑
r=0

e−j
2π
Km

ϑkr Wr(n) (51)

from which it readily follows that

RNkNk
= Mu σ

2
w |µk|2 IQ(Le+1) .
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