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Abstract— In this paper, we consider a broadband cognitive
radio wireless sensor network operating in a crowded spectrum
scenario, where a sensor transmitter (i.e., a sensor node that
needs to transmit information to another sensor node or to a sink)
opportunistically uses the channel of a primary system adopting
an underlay paradigm. Both the primary and sensor systems
employ an orthogonal frequency-division multiplexing (OFDM)
modulation scheme. The proposed approach is reminiscent of
additive superposition coding: specifically, the sensor transmitter
behaves as an amplify-and-forward relay for the primary system,
by sending a linearly weighted combination of the received
primary signal and its own block of symbols. Such a superposition
is performed by the sensor transmitter on the fly, in a single
OFDM symbol of the primary system. Moreover, the proposed
scheme does not require spectrum sensing at the sensor nodes and
does not demand any cooperation between primary and sensor
systems, thereby accounting for the inherent resource constraints
of sensor nodes. With reference to both primary and sensor
communications, we address the problem of power allocation
by considering different amounts of channel state information
and develop a worst case analysis of the achievable information
rates. The developed algorithms and the derived formulas, which
are corroborated by numerical Monte Carlo simulations, allow
one to recognize and discuss interesting tradeoffs between the
main parameters of the cognitive radio sensor transmission.

Index Terms— Cognitive radio, ergodic channel capacity,
opportunistic spectrum access, power allocation, orthogonal
frequency-division multiplexing, sensor networks.

I. INTRODUCTION

W IRELESS sensor networks (WSNs) [1] have a wide
range of application domains, ranging from indoor

applications (e.g., tele-medicine, home monitoring, emergency
networks, and factory automation) to large-scale real-time
multimedia surveillance applications (e.g., delivery of event
features in the form of audio, image, and video, target detec-
tion and training). WSNs can be designed to operate in either
licensed or unlicensed bands: in the former case, an expensive
spectrum lease has to be obtained, which may significantly
impact on the cost of deployment; in the latter case, since
unlicensed bands are also used by other devices, such as wire-
less local area network hotspots, broadband satellite terminals,
and broadcasting stations, a crowded spectrum problem might
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be experienced. Such issues have aroused considerable interest
in spectrum sharing among WSNs and other wireless systems.

Cognitive radio (CR) approaches [2] allow secondary
users (SUs) to share a portion of the spectrum with
licensed or unlicensed primary users (PUs). The stringent
requirement is that transmissions of SUs should not degrade
the quality of service that operators have agreed upon with
their PUs. WSNs can be empowered by CR capabilities by
allowing sensor nodes to act as SUs [3], thus yielding a
sensor networking paradigm, referred to as cognitive radio
WSN (CRWSN). As explained later, many CR methods are not
suitable for WSNs, since they are developed without consid-
ering the resource constraints in terms of communication and
processing capabilities of sensor nodes, as well as the need
for energy-efficient protocols.

CR techniques can be categorized according to the coexis-
tence strategy of the primary and secondary systems. On the
basis of the overlay paradigm [4], the SUs transmit by using
standard orthogonalization methods (in space, time, or fre-
quency) with respect to the primary transmissions. The tem-
porary space-time-frequency voids in the transmission of the
PUs are collectively referred to as a white spaces (or spectrum
holes). Implementation of overlay schemes in CRWSN may
be awkward in practice: to identify the existence of the
primary transmissions, sensor nodes should acquire – indi-
vidually or collaboratively in a distributed way – accurate and
timely knowledge of the white-space locations. Such a goal is
difficult to achieve in practice: it is infeasible to equip sensor
nodes with complex detection algorithms due to hardware
limitations [1] and, moreover, location of spectrum holes
causes excessive power consumption at the sensor nodes [3].

A way to relieve the burden of spectrum sensing in a CR
network consists of resorting to the underlay paradigm [4],
whereby the SU transmissions overlap the signal transmitted
by the PUs in space, time, and frequency, provided that the
interference level they cause to the PUs is below a given
threshold [5]. The mutual interference between primary and
secondary transmissions can be optimally (in the information-
theoretic sense) removed by allowing SUs and PUs to coop-
erate in a non-causal manner [6]–[9]. Such a family of
underlay techniques are unsuitable for CRWSN, since they rely
on encoding techniques like dirty paper coding [10], which
require a priori knowledge at the sensor nodes of the primary
user’s transmitted data and/or its codebook. A more practical
underlay spectrum sharing paradigm has been recently pro-
posed in [11] and [12] for frequency-flat and time-dispersive
channels, respectively, whereby no a priori knowledge of the
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PU transmission is required at the SU. In these schemes,
the arithmetic operation of multiplication is used to superim-
pose the SU information-bearing signal on a frame of multiple
PU symbols, through an amplify-and-forward (AF) protocol.
As a result, under reasonable conditions [11], [12], the SU
can transmit without a power constraint, while keeping the
desirable property of not degrading (but even improving) the
PU performance. However, the use of [12] in a CRWSN is lim-
ited, since high-data rates, which are required, e.g., in the case
of multimedia applications [13], can be achieved by the sen-
sor nodes only if they employ channel-dependent precoders,
whose design might be too computationally demanding.

Alternative underlay CR schemes can be obtained
by resorting to the concept of additive superposition
coding (SPC) [14]–[16]. In its simplest form, an SPC scheme
can be seen as a specific modulation technique, which consists
of linearly combining multiple coded symbols. The SPC
approach has been used to develop cooperative primary-
secondary spectrum sharing schemes for flat-fading chan-
nels [17]–[19]. According to such papers, the secondary
transmitter acts as an AF or decode-and-forward (DF) relay,
which performs a symbol-by-symbol SPC, such that the outage
performance of the primary system is not affected in certain
conditions. However, an optimization procedure to design the
optimal weights of the linear combination is not outlined.
Requirements and challenges of CRWSN are not met also
by [17]–[19]: such techniques would impose a cooperation
between the primary and sensor systems, which is impractical
in many sensing applications, and, moreover, their employ-
ment would lead to a two-phase protocol, i.e., a protocol
spanning two time slots.

Herein, we consider broadband primary and sensor systems
whose modulation is based on orthogonal frequency-division
multiplexing (OFDM) [20], due to its many advantages, includ-
ing multipath resistance, performance, spectral efficiency, flex-
ibility, and computational complexity. We propose a simple
underlay spectrum sharing scheme where a sensor transmitter
(i.e., a sensor node that wishes to transmit information to
another sensor node or to a sink) acts as an AF relay. Specif-
ically, the sensor transmitter forwards a linearly weighted
combination of the received primary signal and its own block
of multiple symbols, without degrading the performance of the
primary system. This scheme offers the following advantages
in a CRWSN: (i) the operation carried out by the sensor trans-
mitter is very simple, since it consists of adding two signals;
(ii) no cooperation is required between the primary and sensors
systems; (iii) only a single slot is required to superimpose
the data of the sensor transmitter on the primary signal on
the fly. In particular, we develop power allocation strategies
for both the primary and sensor transmissions by considering
different channel state information (CSI) scenarios. Moreover,
a worst-case theoretical performance analysis of the proposed
scheme is developed on the basis of the input-output mutual
information and the ergodic capacity of both the primary and
sensor channels. Finally, numerical results are also reported,
aimed at supporting our theoretical findings.

The rest of the paper is organized as follows. In Section II,
the mathematical models of the primary and sensor systems are

introduced. In Sections III and IV a worst-case performance
analysis of the primary and sensor communication links,
respectively, is developed in terms of ergodic channel capacity.
The theoretical results of Sections III and IV are corroborated
by Monte Carlo numerical simulations in Section V. Finally,
concluding remarks are given in Section VI.

II. SIGNAL MODELS OF PRIMARY AND SENSOR SYSTEMS

The main objective of nodes in CRWSN [3] is to acquire
information from the environment and, depending on the
availability of a primary channel, to transmit the collected
data in an opportunistic manner to the next hop node
until the information is delivered to the final destination
(i.e., the sink). We assume that different pairs of sensor nodes,
each one composed by a sensor transmitter (i.e, a sensor node
that wishes to transmit information) and a sensor receiver
(i.e., another sensor node or the sink), occupy orthogonal
(in space, time, or frequency) primary channels. Therefore,
as depicted in Fig. 1, we only need to consider one primary
transmitter-receiver pair (nodes PTx and PRx), which is autho-
rized to operate in a certain portion of the spectrum, and one
sensor transmitter-receiver pair (nodes STx and SRx), which
opportunistically operate on the same spectrum, provided that
the performance of the primary communication link is not
affected by the secondary one. In the sequel, the PTx, STx,
PRx, and SRx will be also referred to as nodes 1, 2, 3, and 4,
respectively.

Both PTx and STx employ OFDM modulation, with M
subcarriers and a cyclic prefix (CP) of length Lcp, and
experience independent and quasi-static frequency-selective
Rayleigh fading. In particular, for each i ∈ {1, 2} and
k ∈ {2, 3, 4}, with i �= k, we model the baseband discrete-time
channel corresponding to the i → k link as a finite-impulse
response system, whose impulse response hik (�) has order Lik .
The channel coefficients hik(�), for � ∈ {0, 1, . . . , Lik }, are
supposed to be constant over one OFDM symbol, but can
independently change from one symbol to another. We denote
with θik ≥ 0 the integer time offset on the i → k link, which
encompasses both the propagation delay of the wireless link
and the processing time1 at node i . In the sequel, we assume
that Lik + θik ≤ P − 1, such that the block received at each
node in the network is contaminated only by the interblock
interference (IBI) of the previous transmitted block. Finally,
perfect frequency synchronization at each node is assumed.

In the nth symbol period (n ∈ Z), the PTx (node 1)
transmits u1(n) = Tcp W IDFT s̃1(n) ∈ C

P , with P �
M + Lcp and s̃1(n) � �1 s1(n) ∈ C

M , where Tcp �
[Icp

T, I M ]T ∈ R
P×M inserts the CP, with Icp ∈ R

Lcp×M

obtained from I M by picking its last Lcp rows, W IDFT ∈
C

M×M is the unitary symmetric inverse discrete Fourier
transform (DFT) matrix, �1 ∈ R

M×M1 is a binary (0/1)
matrix modeling the subcarrier allocation strategy of the PU,
and s1(n) � [s1,0(n), s1,1(n), . . . , s1,M1−1(n)]T ∈ C

M1 is the
information-bearing symbol vector, whose entries are modeled
as independent and identically distributed (i.i.d.) zero-mean
circularly symmetric complex random variables (RVs), with

1The fractional time offset is incorporated as part of {hik (�)}Lik
�=0.
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Fig. 1. The considered CRWSN.

variance E[|s1,m(n)|2] = σ 2
1,m , for m ∈ {0, 1, . . . , M1 − 1}.

The PU transmission is subject to the (average) power
constraint E[‖s1(n)‖2] = ∑M1−1

m=0 σ 2
1,m ≤ M1 σ 2

P . Finally,
the entries of u1(n) undergo digital-to-analog (D/A) plus
radio-frequency (RF) conversion.

The RF signal u1(t) transmitted by the PTx is received
by both the STx and PRx. After analog-to-digital (A/D)
conversion, the baseband signal received by the STx (node 2)
can be compactly expressed as

r2(n) = ˜H
(0)
12 u1(n) + ˜H

(1)
12 u1(n − 1) + w2(n) (1)

where w2(n) ∈ C
P is thermal noise, ˜H

(0)
12 ∈ C

P×P is a
Toeplitz lower-triangular channel matrix, whose first column
is given by [h12(−θ12), . . . , h12(−θ12 + L12), 0, . . . , 0]T and

˜H(1)
12 ∈ C

P×P is a Toeplitz upper-triangular matrix, whose
first row is [0, . . . , 0, h12(−θ12 + L12), . . . , h12(−θ12 + 1)].

The STx wishes to transmit towards the SRx the base-
band signal block given by u2(n) = Tcp W IDFT s̃2(n), with
s̃2(n) � �2 s2(n) ∈ C

M , where the entries of the vector
s2(n) � [s2,0(n), s2,1(n), . . . , s2,M2−1(n)]T ∈ C

M2 are i.i.d.
zero-mean circularly symmetric complex RVs, with variance
E[|s2,m(n)|2] = σ 2

2,m , for m ∈ {0, 1, . . . , M2 − 1}, whereas
�2 ∈ R

M×M2 is the binary (0/1) subcarrier mapping matrix of
the secondary system. The sensor transmission is subject to the

power constraint E[‖s2(n)‖2] = ∑M2−1
m=0 σ 2

2,m ≤ M2 σ 2
S . The

STx superimposes its transmission over the received signal
r2(n) by transmitting a linear combination of the received
signal and its own signal

z2(n) = √
α r2(n) + √

1 − α u2(n) (2)

where 0 ≤ α ≤ 1 represents a superposition weight, whose
choice will be discussed later on. 2 It is worth noting that,
differently from [17]–[19], our protocol does not require a
two-slot transmission, since relaying and SPC are performed
at the same time. Indeed, the signal corresponding to u2(n)
is already available at node 2 when the STx receives the PTx
transmission and, thus, SPC given by (2) is carried out in
real-time, without any significant latency.

The discrete-time signal received by the PRx (node 3) can
be expressed as

r3(n) = ˜H(0)
13 u1(n) + ˜H (1)

13 u1(n − 1)
︸ ︷︷ ︸

(a)

+ ˜H(0)
23 z2(n) + ˜H(1)

23 z2(n − 1)
︸ ︷︷ ︸

(b)

+w3(n) (3)

2Even though SPC given by (2) can be carried out directly on the RF analog
signals, we consider herein an equivalent discrete-time baseband model, which
allows for easier derivation of the overall system equations.
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where the matrix pairs {˜H(0)
13 , ˜H (1)

13 } and {˜H(0)
23 , ˜H (1)

23 } are
defined similarly to {˜H(0)

12 , ˜H
(1)
12 } by replacing {h12(�),

L12, θ12} with {h13(�), L13, θ13} and {h23(�), L23, θ23},
respectively, whereas w3(n) ∈ C

P is thermal noise.
We observe that (a) is the contribution due to the primary
transmission and (b) takes into account the signal retransmitted
by the STx.

If max(L13 + θ13, L12 + L23 + θ12 + θ23) ≤ Lcp, the IBI
contribution in (3) can be completely eliminated by removing
the CP at the PRx. Therefore, discarding the CP from (3)
through multiplication by Rcp � [OM×Lcp, I M ] ∈ R

M×P ,
and performing M-point DFT, through the matrix WDFT �
W−1

IDFT = W∗
IDFT ∈ C

M×M , taking into account (1) and (2),
we get the frequency-domain data block

y3(n) � Rcp WDFT r3(n) = (H13 + √
α H23 H12) s̃1(n)

+ √
1 − α H23 s̃2(n) + d3(n)

(4)

where H ik � WDFT Rcp ˜H
(0)
ik Tcp W IDFT ∈ C

M×M are diago-
nal matrices, for i ∈ {1, 2} and k ∈ {2, 3}, with i �= k, whose
mth diagonal entry represents the M-point DFT of the channel
impulse response hik(� − θik), i.e.,

Hik(m) � e− j 2π
M θik m

Lik
∑

�=0

hik(�) e− j 2π
M �m (5)

and d3(n) � W DFT Rcp [√α ˜H
(0)
23 w2(n) + w3(n)] ∈ C

M .
Similarly to (3), the discrete-time signal received by the

SRx can be expressed as

r4(n) = ˜H
(0)
14 u1(n) + ˜H

(1)
14 u1(n − 1) + ˜H

(0)
24 z2(n)

+ ˜H(1)
24 z2(n − 1) + w4(n) (6)

where the matrix pairs {˜H(0)
14 , ˜H

(1)
14 } and {˜H(0)

24 , ˜H
(1)
24 } are

defined similarly to {˜H(0)
12 , ˜H(1)

12 } by replacing {h12(�),
L12, θ12} with {h14(�), L14, θ14} and {h24(�), L24, θ24},
respectively, whereas w4(n) ∈ C

P represents thermal noise.
Provided that max(L14 + θ14, L12 + L24 + θ12 + θ24) ≤ Lcp,
by removing the CP at the SRx and performing DFT, we obtain

y4(n) � WDFT Rcp r4(n) = √
1 − α H24 s̃2(n)

+ (H14 + √
α H24 H12) s̃1(n) + d4(n) (7)

where H14 ∈ C
M×M and H24 ∈ C

M×M turn out to be
diagonal matrices, whose mth diagonal entry is given by (5)
with {i, j} equal to {1, 4} and {2, 4}, respectively, and d4(n) �
WDFT Rcp [√α ˜H

(0)
24 w2(n) + w4(n)] ∈ C

M .
The diagonal entries of the frequency-domain channel matri-

ces H ik are modeled as i.i.d. zero-mean circularly symmetric
complex Gaussian (ZMCSCG) RVs having variance σ 2

ik �
d−η

ik , which depends on the average path loss associated to the
underlying link, where dik is the distance between nodes i and
k, and η denotes the path-loss exponent.

It is important to observe that the signal models (4) and (7)
hold if the CP is designed such that

max(L13 + θ13, L14 + θ14, L12 + L23 + θ12 + θ23,

L12 + L24 + θ12 + θ24) ≤ Lcp. (8)

It is worth noticing that both the maximum excess delay of
the involved channels and the maximum distances among the
PTx, the STx, and the PRx are upper limited by (8). Such an
inequality requires only upper bounds (rather than the exact
knowledge) on the channel orders and TOs, whose supports
can be typically predicted in many wireless scenarios [21].

III. POWER ALLOCATION AND ERGODIC CAPACITY

ANALYSIS FOR THE PRIMARY SYSTEM

In this section, we consider the problem of power allocation
for the primary system and calculate a lower bound on its
ergodic capacity. To this aim, omitting the dependence on the
symbol index n, we rewrite (4) as follows

y3 = HP �1 s1 + vP (9)

where HP � H13 +√
α H23 H12 is the “composite” diagonal

channel matrix and vP �
√

1 − α H23 s̃2 + d3 is the “equiva-
lent” noise seen by the PRx. We assume that, in the considered
quasi-static fading scenario, the PRx has perfect knowledge
of HP, which can be acquired through training-based channel
estimation techniques [22]. It is worth noticing that in general
α, �2, and σ 2

2,m , with m ∈ {0, 1, . . . , M2 − 1}, might be opti-
mized to enhance the performance of the sensor system and,
hence, they may be a function of the relevant random chan-
nel coefficients (see Subsection IV-A). However, we assume
herein that they are deterministic unknown parameters.

The computation of the mutual information I(s1, y3|HP)
(in bit/s/Hz) between s1 and y3, given HP, is complicated by
the fact that vP is not a Gaussian random vector. However,
recalling that the ZMCSCG distribution represents the worst-
case noise distribution under a variance constraint [14], [23],
we can obtain a lower bound on the primary user capacity
assuming that vP is ZMCSCG, with diagonal covariance
matrix given by

RvP � E
[

vP vH
P

]

= (1 − α) σ 2
23 �2 Rs2 �T

2

+ (α σ 2
w2

σ 2
23 + σ 2

w3
) I M (10)

with Rs2 � E[s2 sH
2 ] = diag(σ 2

2,0, σ
2
2,1, . . . , σ

2
2,M2−1) being

the correlation matrix of s2, where we have also replaced w2 in
d3 with ŵ2 � Tcp Rcp w2, which are both ZMCSCG random
vectors with correlation matrix E[w2 wH

2 ] = σ 2
w2

I P and
E[ŵ2 ŵH

2 ] = σ 2
w2

Tcp TT
cp, respectively. For sufficiently large

values of M , the matrices I P and Tcp TT
cp are asymptotically

equivalent in weak norm [24]. Therefore, in the large M limit,
the random vectors w2 and ŵ2 have the same distribution.

Under the worst-case noise distribution, the optimum input
distribution maximizing the channel capacity is the ZMCSCG
distribution [14], [23]: more precisely, s1 is a ZMCSCG
random vector, with covariance matrix Rs1 � E[s1 sH

1 ] =
diag(σ 2

1,0, σ
2
1,1, . . . , σ

2
1,M1−1). Therefore, the mutual informa-

tion, given HP, under an average transmit power constraint
can be lower-bounded as reported in (11) at the top of the
next page. Thus, let IP,uc ⊆ M � {0, 1, . . . , M − 1} be the
set of subcarriers used by the primary communication link,
which can be deduced from �1. By substituting (10) into (11),
we can rewrite (11) as shown in (12) at the top of the next
page, where σ 2

vP
(m) � σ 2

23 [ρm (1 −α)+α σ 2
w2

]+σ 2
w3

denotes
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I(s1, y3|HP) ≥ Imin(s1, y3|HP) � 1

P
log2 det

(

I M + R−1/2
vP HP �1 Rs1 �T

1 H∗
P R−1/2

vP

)

(11)

= 1

P

∑

m∈IP,uc

log2

[

1 + μm |H13(m) + √
α H23(m) H12(m)|2

σ 2
vP

(m)

]

(12)

the mth diagonal entry of RvP , whereas μm = σ 2
1,im

if m ∈
IP,uc, zero otherwise, with im1 �= im2 ∈ {0, 1, . . . , M1 − 1}.
Similarly, ρm = σ 2

2,km
if m ∈ IS,uc, zero otherwise, with

IS,uc ⊆ M denoting the set of subcarriers used by the
STx, which can be inferred from �2, and km1 �= km2 ∈
{0, 1, . . . , M2 − 1}.

A. Power Allocation Strategies for the Primary Transmission

The problem of power allocation for the primary system
consists of choosing the parameters μm for m ∈ IP,uc, which
have an impact on the information rate of the primary channel,
as it can be seen from (12). Such a choice depends on the
available CSI at the PU. When the PTx has no CSI, the uni-
form power allocation strategy can be employed over the used
subcarriers of the PU, i.e., μm = σ 2

P , for each m ∈ IP,uc.
Alternatively, in order to perform non-uniform power alloca-
tion over the used subcarriers of the PU, the parameters μm ,
for m ∈ IP,uc, can be chosen so as to maximize the worst-case
mutual information Imin(s1, y3|HP) given by (12), subject to
(s.to) the power constraint

∑

m∈IP,uc
μm = M1 σ 2

P . So doing,
the PTx must have knowledge of the diagonal entries

HP(m) � H13(m) + √
α H23(m) H12(m) , for m ∈ IP,uc

(13)

of the composite channel matrix HP and the diagonal entries
σ 2

vP
(m) of the correlation matrix RvP , for m ∈ IP,uc. The

diagonal entries of HP can be acquired either by means of
a feedback channel or by application of the channel reci-
procity property [15], whereas the diagonal entries of RvP

can be acquired from (9) as in conventional waterfilling algo-
rithms [25]. Specifically, we propose to solve the optimization
problem

arg max{μm }m∈IP,uc

∑

m∈IP,uc

log2

[

1 + μm |HP(m)|2
σ 2

vP
(m)

]

s.to
∑

m∈IP,uc

μm = M1 σ 2
P and μm ≥ 0 ∀m ∈ IP,uc. (14)

The solution of the above problem is given by (see, e.g., [15])

μ
opt
m =

[

κ − σ 2
vP

(m)

|HP(m)|2
]+

, ∀m ∈ IP,uc (15)

where the constant κ is chosen so as to fulfil the power
constraint

∑

m∈IP,uc
μ

opt
m = M1 σ 2

P .

B. Worst-Case Ergodic Capacity of the Primary Channel

The ergodic capacity of the primary channel is given
by CP � E[I(s1, y3|HP)] [14], [23], where the ensemble

average is taken with respect to HP. Therefore, the worst-
case ergodic capacity of the primary channel can be obtained
by averaging Imin(s1, y3|HP) in (12) with respect to HP.
In this regard, to simplify the analysis, we assume that the
primary system adopts a uniform power allocation strategy,
i.e., μm = σ 2

P , for each m ∈ IP,uc, and, moreover,
both ρm , for each m ∈ IS,uc, and α are independent of
the realization of the channels. In this case, in order to
analytically evaluate such an ensemble average, we observe
that, conditioned on H23, the random variable H13(m) +√

α H23(m) H12(m) in (12), for each m ∈ M, is ZMCSCG,
with variance σ 2

13+α |H23(m)|2 σ 2
12. Consequently, the squared

magnitude |H13(m)+√
α H23(m) H12(m)|2 has an exponential

distribution with mean (σ 2
13 +α |H23(m)|2 σ 2

12)
−1. Henceforth,

by applying the conditional expectation rule [26], we get

CP ≥ CP,lower � E[Imin(s1, y3|HP)]
= log2(e)

P

∑

m∈IP,uc

E[
(�
(m)
SPC)] (16)

where the ensemble average is taken with respect to the
random variable |H23(m)|2, and 
(·) is defined [27] as


(A) �
∫ +∞

0
e−u ln(1 + A u) du = −e

1
A Ei

(

− 1

A

)

(17)

with Ei(x) denoting, for x < 0, the exponential integral
function, and, finally,

�
(m)
SPC �

σ 2
P

(

σ 2
13 + α |H23(m)|2 σ 2

12

)

σ 2
vP

(m)
. (18)

Let us assume that σ 2
w2

= σ 2
w3

� σ 2
w hereinafter. In the

high signal-to-noise ratio (SNR) regime, i.e., when σ 2
P /σ 2

w is
sufficiently large, by approximating 
(A) ≈ ln(1 + A) − γ ,
which is valid for A � 1, with γ ≈ 0.57721 denoting the
Euler-Mascheroni constant, we can approximate (16) as

CP,lower ≈ log2(e)

P

∑

m∈IP,uc

{

E
[

ln
(

1 + �
(m)
SPC

)]

− γ
}

(19)

where the ensemble average is taken with respect to the
random variable |H23(m)|2, which is exponentially-distributed
with mean σ 2

23. Therefore, one has

E
[

ln(1 + �
(m)
SPC)

]

=
∫ +∞

0
ln

[

σ 2
vP

(m) + σ 2
P σ 2

13 + b u

σ 2
vP

(m)

]

·e−u du (20)

where b � α σ 2
P σ 2

12 σ 2
23. By exploiting the properties of the

logarithm and taking again into account the approximation of
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(·), the lower bound CP,lower can be approximated as

CP,lower ≈ log2(e)

P

∑

m∈IP,uc




⎡

⎢

⎣

σ 2
P

σ 2
w
(σ 2

13 + α σ 2
12 σ 2

23)

1 + α σ 2
23 + ρm

σ 2
w

(1 − α) σ 2
23

⎤

⎥

⎦

− γ log2(e)
M1

P
(21)

where we remember that M1 is the cardinality of the set IP,uc.
We observe that γ log2(e) M1/P ≤ γ log2(e)M/P = 0.662,
where we have used the typical value Lcp/M = 1/4. Hence-
forth, the term γ log2(e) M1/P in (21) can be safely neglected
in the high-SNR regime and we will ignore it in the sequel.

At this point, some comments are in order. We note that,
when α = 1, i.e., when the STx does not perform SPC, in the
high-SNR regime, eq. (21) becomes

CP,lower ≈ log2(e)

P
M1


⎡

⎢

⎣

σ 2
P

σ 2
w
(σ 2

13 + σ 2
12 σ 2

23)

1 + σ 2
23

⎤

⎥

⎦
(22)

which represents the ergodic channel capacity of a multicarrier
AF relay system. On the contrary, when α = 0, i.e., the STx
does not perform relaying, eq. (21) boils down to

CP,lower ≈ log2(e)

P

∑

m∈IP,uc




⎛

⎝

SNRP,direct

1 + ρm
σ 2

w
σ 2

23

⎞

⎠ (23)

where SNRP,direct � σ 2
P σ 2

13/σ
2
w denotes the average SNR of

the primary direct link between the PTx and PRx, i.e., without
the opportunistic access of the sensor system. By observing
that the capacity of the primary direct link between the nodes
1 and 3 is given by (see [27])

CP,direct = log2(e)

P
M1 
(SNRP,direct) (24)

one can infer that, in this case, CP,lower turns out to be less
than CP,direct due to the presence in (23) of the term ρm σ 2

23/σ
2
w

caused by SPC. Such a term tends to increase as the SNR of
the secondary user, i.e., σ 2

S /σ 2
w, grows and/or when the STx

approaches the PRx, i.e., σ 2
23 → 0.

Let us compare (21) with (24). To investigate the conditions
under which the proposed underlay CR scheme does not lead
to a capacity degradation of the primary channel, we focus on
the worst case where both the PTx and STx share the same
set of subcarriers, i.e., IS,uc = IP,uc, and the sensor system
uniformly allocates its power over them, i.e., ρm = σ 2

S , ∀m ∈
IP,uc. In the high-SNR regime, one has CP,lower > CP,direct
when

σ 2
P

σ 2
w
(σ 2

13 + α σ 2
12 σ 2

23)

1 + α σ 2
23 + σ 2

S
σ 2

w
(1 − α) σ 2

23

> SNRP,direct (25)

thus, recalling that σ 2
ik = d−η

ik , in order not to degrade
the performance of the primary communication link, the
superposition weight has to be chosen as

αmin �
σ 2

S
σ 2

w
(

d13
d12

)η + σ 2
S

σ 2
w

− 1
< α ≤ 1 . (26)

One can observe from (26) that αmin → 1 (i.e., the STx
exclusively acts as a relay and does not perform SPC) as the
SNR of the secondary user σ 2

S /σ 2
w grows without bound and/or

d13/d12 → 0, i.e., the distance between the PTx and the STx
is significantly greater than the distance between the PTx and
the PRx. We will propose in the next section optimization
procedures for the choice of α.

IV. POWER ALLOCATION AND ERGODIC CAPACITY

ANALYSIS FOR THE SENSOR SYSTEM

In this section, we consider the problem of power allocation
for the sensor system and derive a lower bound on its ergodic
capacity. To this aim, we rewrite (7) as

y4 = HS �2 s2 + vS (27)

where HS �
√

1 − α H24 is the composite diagonal channel
matrix and vS � (H14+√

α H24 H12) s̃1+d4 is the equivalent
noise seen by the SRx, and, for simplicity, we have again
omitted the dependence on the time index n. We assume that,
in the considered quasi-static fading scenario, the SRx has
perfect knowledge of the matrix HS, which can be estimated
via training sent by the STx [22].

As in Section III, we consider a lower bound on the mutual
information I(s2, y4|HS) (in bit/s/Hz) between s2 and y4,
given HS, by considering the worst-case distribution for the
equivalent noise term at the SRx under a variance constraint,
i.e., vS is modeled as a ZMCSCG random vector with condi-
tional diagonal correlation matrix

RvS � E
[

vS vH
S

]

=
(

σ 2
14 + α σ 2

24 σ 2
12

)

�1 Rs1 �T
1

+ α σ 2
w2

σ 2
24 + σ 2

w4
I M (28)

where, as already done in Section III, we have replaced in d4
the noise vector w2 with ŵ2 = Tcp Rcp w2 and assumed that
�1 and Rs1 are deterministic unknown parameters. Recalling
that, in this case, the optimum input distribution maximizing
the channel capacity is the ZMCSCG distribution [14], [23],
i.e., s2 is a ZMCSCG random vector with covariance
matrix Rs2 , we get I(s2, y4 | HS) ≥ Imin(s2, y4 | HS), where
Imin(s2, y4 | HS) is reported in (29) at the top of the next page.

A. Power Allocation Strategies for the Sensor Transmission

The problem of power allocation for the sensor system
amounts to choosing the parameters ρm , for m ∈ IS,uc, and the
superposition weight α, without affecting the performance of
the primary system, i.e., such that CP,lower ≥ CP,direct. In order
to fulfill such a constraint, the sensor system assumes that
σ 2

w2
= σ 2

w3
= σ 2

w4
= σ 2

w and the PU is uniformly allocating
the power over all its used subcarriers,3 i.e., μm = σ 2

P , for each
m ∈ IP,uc. Regarding the CSI of the 2 → 4 link, we consider
two scenarios: in the former one, the STx knows the statis-
tical (or long-term) characterization of the channel, i.e., the
variance σ 2

24; in the latter one, instantaneous (or short-term)

3This is a conservative assumption: indeed, if the PU allocates the available
power over the used subcarriers according to (15), the corresponding capacity
is greater than or equal to the case when the power is allocated uniformly.
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Imin(s2, y4 | HS) � 1

P
log2 det

(

I M + R−1/2
vS HS �2 Rs2 �T

2 H∗
S R−1/2

vS

)

= 1

P

∑

m∈IS,uc

log2

[

1 + ρm (1 − α) |H24(m)|2
μm
(

σ 2
14 + α σ 2

24 σ 2
12

)+ α σ 2
w σ 2

24 + σ 2
w

]

(29)

arg max
0≤α≤1

∑

m∈IS,uc

log2

[

1 + σ 2
S (1 − α) σ 2

24

σ 2
P δm

(

σ 2
14 + α σ 2

24 σ 2
12

)+ α σ 2
w σ 2

24 + σ 2
w

]

s.to
log2(e)

P

∑

m∈IP,uc




[

σ 2
P (σ 2

13 + α σ 2
12 σ 2

23)

σ 2
S βm (1 − α) σ 2

23 + α σ 2
23 σ 2

w + σ 2
w

]

≥ CP,direct (30)

arg maxIS,uc

{ρm}m∈IS,uc

0 ≤ α ≤ 1

∑

m∈IS,uc

log2

[

1 + ρm (1 − α) |H24(m)|2
σ 2

P δm
(

σ 2
14 + α σ 2

24 σ 2
12

)+ α σ 2
w σ 2

24 + σ 2
w

]

∑

m∈IS,uc

ρm = M2 σ 2
S ,

s.to ρm ≥ 0 ∀m ∈ IS,uc and
log2(e)

P

∑

m∈IP,uc




[

σ 2
P (σ 2

13 + α σ 2
12 σ 2

23)

ρm (1 − α) σ 2
23 + α σ 2

23 σ 2
w + σ 2

w

]

≥ CP,direct (31)

CS,lower = log2(e)

P

∑

m∈IS,uc




[

σ 2
S (1 − α) σ 2

24

μm
(

σ 2
14 + α σ 2

24 σ 2
12

)+ α σ 2
w σ 2

24 + σ 2
w

]

(33)

CSI is available at the STx, i.e., the diagonal entries of H24
are assumed to be known.

Let us consider the former scenario where the STx has
statistical CSI of the 2 → 4 link. In such a scenario,
the uniform power allocation strategy can be employed over
the used subcarriers of the sensor system, i.e., ρm = σ 2

S , for
each m ∈ IS,uc, whereas we propose to choose α according
to the optimization problem reported in (30) at the top of
this page, where δm = 1 if m ∈ IP,uc, zero otherwise, and
we have used (21) to make the constraint CP,lower ≥ CP,direct
explicit, with βm = 1 if m ∈ IS,uc, zero otherwise. Such a
problem only requires knowledge of the average powers of
the primary and sensor transmissions, the (common) noise
figure of nodes 2, 3, and 4, as well as the average path-
loss model of the environment, which are typically known
in advance in many WSNs. Since the cost function in (30)
decreases for increasing values of α, the solution αopt of
the constrained optimization problem (30) corresponds to the
minimum value αmin of α such that the constraint is satisfied,
i.e., αopt = αmin. The value of αmin can be obtained when
IP,uc �= IS,uc by numerically solving CP,lower = CP,direct,
whereas, in the case of IP,uc ≡ IS,uc, it is given in closed-form
by (26).

At this point, we focus on the latter scenario where, in
addition to the knowledge required in the former one, the chan-
nel coefficients H24(m) are also known, for each m ∈ IS,uc,
through a feedback channel or capitalizing on the channel
reciprocity property [15]. In this scenario, the parameters ρm ,
for m ∈ IS,uc, and the superposition weight α can be jointly
optimized as proposed in (31) at the top of this page. Similarly
to other power allocation problems [28]–[30], the closed-form
solution of (31) is intractable: indeed, since this problem
is nonconvex, its global-optimal solution is hard to obtain.

In Table I, we provide a fast and simple algorithm to obtain a
solution of (31), which consists of fixing the cardinality M2
of the subset IS,uc and, then, choosing the best M2 subcarriers
(i.e., those with the highest channel magnitudes); finally, the
values of α and ρm , for m ∈ IS,uc, are obtained by employing
an iterative optimization technique.

B. Worst-Case Ergodic Capacity of the Sensor Channel

The ergodic capacity of the sensor channel is defined as
CS � E[I(s2, y4 | HS)] [14], [23]. Accounting for (29), one
has the lower bound

CS ≥ CS,lower � E[Imin(s2, y4 | HS)] . (34)

For the sake of simplicity, we assume that the sensor system
adopts a uniform power allocation strategy, i.e., ρm = σ 2

S ,
for each m ∈ IS,uc, and, moreover, both μm , for each
m ∈ IP,uc, and α are independent of the realization of
the channels. Since the squared magnitude |H24(m)|2 has an
exponential distribution with mean σ 2

24, it can be shown that,
using (17), the worst-case capacity CS,lower assumes the form
reported in (33) at the top of this page. Low- and high-SNR
approximation of (33) can be obtained by using the asymptotic
expressions of the function 
(A), when σ 2

S /σ 2
w is vanishingly

small or sufficiently large, respectively.

V. NUMERICAL PERFORMANCE ANALYSIS

In this section, we report numerical simulations aimed
at corroborating the performance of the proposed underlay
CR scheme in terms of ergodic capacities of both the primary
and sensor channels. Both the primary and sensor communi-
cation links employ OFDM modulation, with M = M1 = 64
subcarriers (i.e., there are no white spaces in the primary
spectrum), a CP of length Lcp = 8, and M2 = 16. We consider
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TABLE I

PROPOSED ALGORITHM TO SOLVE (31)

a network topology wherein the nodes are collinear and
assume that the distances among them are all normalized
with respect to d13 = 1. Specifically, the node 1 (PTx) and
3 (PRx) have coordinates equal to (0, 0) and (0, 1), respec-
tively, whereas the node 4 (SRx) has coordinates (0, 0.5). The
node 2 (STx), instead, is placed along the line joining the
nodes 1 and 4. The orders of the discrete-time channels among
the nodes are set to L12 = L13 = L23 = L14 = L24 = 3,
whereas the corresponding time offsets are set to θ12 = θ13 =
θ23 = θ14 = θ24 = 1. The path-loss exponent is chosen equal
to η = 3. We fix σ 2

S = σ 2
P = 1 and σ 2

w2
= σ 2

w3
= σ 2

w4
� σ 2

w .

A. Primary System Performance

In this subsection, we focus on the performance of the
primary system when the ratio δ12 � d12/d13 ∈ {0.2, 0.3, 0.4}
and the sensor system uniformly allocates its power over
the subcarriers IS,uc = {48, 49, . . . , 63}, i.e., ρm = σ 2

S ,
∀m ∈ IS,uc, by additionally setting α = 0.25.

Fig. 2 depicts the worst-case ergodic capacity CP,lower of
the primary channel (16) as a function of SNRP � σ 2

P /σ 2
w ,

when the primary system adopts the uniform power alloca-
tion strategy, i.e., μm = σ 2

P , for each m ∈ {0, 1, . . . , 63}.
In the same figure, we also report the approximated expression
(21) of CP,lower. Results show that there is a good agreement
between the curves of CP,lower given by (16) and those of its
approximated expression (21), for moderate-to-high values of
SNRP, thus showing that (21) can be used for SNR values of
practical interest.

In Figs. 3 and 4, the performance (16) of the proposed
underlay CR scheme is compared with that of the primary
direct link given by (24). We consider in Fig. 3 the scenario
when the PTx allocates the power uniformly in both cases,
i.e., μm = σ 2

P , for each m ∈ {0, 1, . . . , 63}. On the other
hand, results of Fig. 4 refer to the scenario where the PTx
employs the power allocation strategy (15). It is noteworthy
that, in this latter scenario, the waterfilling solution for the
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Fig. 2. Worst-case ergodic capacity of the primary channel versus SNRP
(uniform power allocation).

Fig. 3. Ratio between the worst-case ergodic capacity of the primary channel
and the ergodic capacity of its direct link versus SNRP (uniform power
allocation for both cases).

direct link can also be obtained from (15) by setting α = 0.
It is seen that, in both power allocation schemes, the primary
system can benefit from the presence of the superimposed
sensor transmission, exhibiting a slight performance gain over
the direct approach, especially for smaller values of δ12,
i.e., when the STx is closer to the PTx than the PRx, and for
low-to-moderate values of SNRP. Therefore, the primary com-
munication link does not incur any performance penalty due
to the opportunistic spectrum usage by the STx. As pointed
out in Section III, such a result stems from the fact that the
STx not only performs SPC, but also acts as a relay for the
primary communication.

B. Sensor System Performance

In this subsection, we study the worst-case performance
(34) of the sensor system as a function of SNRS � σ 2

S /σ 2
w,

for different values of the ratio δ12 ∈ {0.2, 0.3, 0.4}, when the

Fig. 4. Ratio between the worst-case ergodic capacity of the primary channel
and the ergodic capacity of its direct link versus SNRP (optimal power
allocation for both cases).

Fig. 5. Worst-case ergodic capacity of the sensor channel versus SNRS for
different power allocation strategies (δ12 = 0.2).

primary system adopts the uniform power allocation strategy,
i.e., μm = σ 2

P , for each m ∈ {0, 1, . . . , 63}.
We consider the scenario (referred to as “α-opt;

pow-unif”) where α is optimized according to the algo-
rithm (30) and the sensor system uniformly allocates its
power over the subcarriers IS,uc = {48, 49, . . . , 63}, i.e.,
ρm = σ 2

S , ∀m ∈ IS,uc. Additionally, we study the scenario
(referred to as “α-opt; pow-opt”) where the subset IS,uc, the
parameters ρm , for m ∈ IS,uc, and the superposition weight α
are jointly optimized as reported in Table I, with �α = 0.005.
Finally, with reference to the case of known instantaneous
CSI at the STx, we evaluate the worst-case ergodic capacity
of the scheme [5], where the worst-case input-output mutual
information of the sensor system is maximized with respect
to the parameters ρm , for m ∈ IS,uc = {48, 49, . . . , 63},
subject to the power constraint

∑

m∈IS,uc
ρm = M2 σ 2

S and
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Fig. 6. Worst-case ergodic capacity of the sensor channel versus SNRS for
different power allocation strategies (δ12 = 0.3).

Fig. 7. Worst-case ergodic capacity of the sensor channel versus SNRS for
different power allocation strategies (δ12 = 0.4).

the interference constraint SNR(m)
13,direct/SINR(m)

13 = 0.9, where

SNR(m)
13,direct � σ 2

P |H13(m)|2/σ 2
w is the (instantaneous) SNR at

the PRx over the subcarrier m ∈ {0, 1, . . . , M − 1} when the
STx is inactive and SINR(m)

13 � σ 2
P |H13(m)|2/(σ 2

w + σ 2
23 ρm)

is the signal-to-noise-plus-interference ratio at the PRx over
the mth subcarrier when the STx is transmitting.

Results of Figs. 5–7 show that, the larger the ratio δ12,
the higher the ergodic capacity of the sensor channel, since,
in this case, the STx gets closer to the SRx. Nevertheless,
when the power is optimally allocated over the used subcarrier,
the proposed scheme outperforms its non-optimized (i.e., with
uniform power allocation) counterpart over the entire range
of SNRS, showing that the sensor communication link can
achieve satisfactory data rates. Compared to the proposed
schemes, the interference-controlled transmission method pro-
posed in [5] performs significantly worse, by also introducing
a controlled degradation of the quality of the primary channel,
according to the interference constraint.

VI. CONCLUSIONS

We proposed an underlay CR scheme for multicarrier
WSNs, which is based on SPC in a single OFDM symbol of
the primary system and does not require a cooperation between
sensor and primary networks. We analytically demonstrated
that even such a simple superposition code is able to ensure
a satisfactory data-rate for a sensor transmitter-receiver pair,
without degrading the performance of the primary commu-
nication link. Simple procedures were proposed to optimize
the power allocation strategy of both the primary and sensor
systems, as well as the superposition weight α used by the
sensor transmitter, based on either statistical (i.e., transmitting
powers and average path-loss) or instantaneous CSI. Although
it can be applied to other CR scenarios, due to its simplicity,
the proposed underlay scheme seems to be particularly suitable
for resource-constrained WSNs.
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